Math Exam for the 2013 admission process at Nada Junior High School, Kobe
1st Day (60 minutes)

- The figures are not necessarily precise.
Note - Use 3.14 as the circle ratio. 1
- The volume of a pyramid equals (the area of base) X (height)X?.

Fill the blank with an appropriate number.

(

NS S B ,
T 183)f43—(&:l )=+-167 (4 points)

671

There’s a candy which costs $1.8 each. A bag of 3 candies costs $5, and a box of 10 candies
costs $19. One day, they sold 107 candies with revenue of $199. This day, [ ] bags were sold.
(8 points)

If we apply the process explained below 100 times to the 8 digit number 12345678, we’ll get [].

Process: Move the 1st, 2nd, 3rd, 4th, 5th, 6th, 7th, 8th numbers from the left into the 2nd, 4th,
6th, 8th, 1st, 3rd, 5th, 7th place from the left, respectively. That is, change ABCDEFGH into
EAFBGCHD. (8 points)

Among the irreducible fractions which are greater than 0.5 and smaller than 0.51, there’re ]
fractions whose denominators are not greater than 100. (8 points)

Starting with 2 X 2=4, we keep producing new numbers by multiplication, under the condition
that 2 and any produced number can be used anytime.
For example, 2 X2=4, 4 X 2=8, 8 X2=16 show that 16 is produced in 3 multiplications, while
2X2=4, 4X4=16 show that 16 is produced in 2 multiplications as well.
Under the rule, the minimal number of multiplications needed to produce 512(=29), 32768(=21%)
is [@, @], respectively. (4 points X 2)

[6] On a straight road connecting towns A and B, there’re 4 intersections, which are apart by 230m.
Each intersection is equipped with a light, which turns green for 28 seconds then yellow and red
for 32 seconds. If we drive from A to B at the constant speed of 11.5 m/s and pass the 1st light at
the moment that it turns yellow from green, we’ll pass the other 3 lights at the moment that they
turn yellow from green. [ ] m/s is the fastest constant speed at which we drive from B to A without
stopping at any light. We assume that a light is green at the moment that it turns green (yellow)
from red (green). (8 points)

We have a 2 digit integer AB. The 3 digit integer AOB and the 5 digit integer CACBC are
divisible by AB, where A,B,C are nonzero and distinct each other. The 5 digit integer CACBC is
. (8 points)



16
11117
(8] We fill boxes with integers 1 through 400 under 16l15014l13 71208
certain rule. First, we did as in the figure 1. Then we 98|72l 4|8 [13].
erased them and did as in the figure 2. [ ] boxes were 4131611018 215 19 1
filled with an integer twice. (8 points) 1125 holi7 11316 hol15
Fig.1 Fig.2
A D
[9] In the figure right, ABCD is a square with side 12cm, and each side is
equally divided into 3. The area of the shaded octagon is [ ] cm?.
(8 points)
B 12cm C

7 equilateral triangles with side 3cm are placed as in the right. If the shaded one

A
moves around the others without sliding in the direction indicated until it comes back \,
to the original position, the length of the curve traced by the vertex A is [_] cm.
Note that the vertex A doesn’t necessarily go back to the original position.

(8 points)

On the right figure, M is the midpoint of the edge AB, @=15°,
AC and MD are 5cm. Then ®=[@]°, BD=[g] cm. (4 points X 2)

The volume of the solid built from the right exploded view,
of 2 squares, 4 equilateral triangles and 4 isosceles right triangles,
is [ cm3. (8 points)

A cube shaped container is fixed inclined. Pouring water
in it, we get the figure 1. Pouring more, we get the figure 2,

. 11 :
and the water occupies 7 of the cube. The water occupies

[] of the cube in the figure 1. (8 points)




2nd Day (60 minutes)

- Just give the answer for [5](1),(2),(3).
Note Explain how you've got the answer for the other questions.

1
- The volume of a pyramid equals (the area of base) X (height)X?.

Points P,Q are 42km apart, and two boys A,B left P for Q at the same moment. A kept a
constant speed, while B walked to the point M, which is 28km from P, at a constant speed, rested
at M for 20 minutes, then walked to @ at -;— of the original speed. A passed by B 1 hour and 21
minutes after B left M, and A arrived at @ 20 minutes before B did. (8 points X 2)
(1) When B arrived at M, how many kilometers was A behind of B?

(2) How long did it take for A to arrive at Q since the departure from P?

2013 is made of 4 consecutive numbers 0,1,2,3. 4213 is also made of 4 consecutive numbers
1,2,3,4. We consider such 4 digit numbers made of 4 consecutive numbers. (8 points X 2)
(1) How many of them are divisible by 3?

(2) How many such numbers are there that its leftmost 3 digit and the rightmost 1 digit have the
same remainder when they’re divided by 32

The figures 1,2 indicate that rectangles ABCD, PQRS are packed only with squares.
A D P S (8 points X 2)

B C Q R
Fig.1 Fig.2

(1) Express AB:AD, the ratio of lengths, in the simplest form.
(2) Express PQ:PS, the ratio of lengths, in the simplest form.



(1) On the figure 1, find the length of AB,AC. (8 points)
(2) In the figure 2, a circle, centered at D with radius DE, intersects
another, with diameter EF, at H in the rectangle DEFG. (8 pointsX?2)
@ Find the length of EH.

@ Find the area of the quadrilateral EFGH.

Figure 1 is a cube with side 6cm built of 36 blocks with sides
lcm, 2¢m, 3cm. (7 points X 4)
(1) We cut the cube with the plane through A,B,C, and leave the
part containing the vertex D. Write the joints between the blocks
on the section in the figure 2.

(2) We cut the figure 2 with the plane through D,B,E and leave
the part containing the vertex C. Write the joints between the
blocks on the section in the figure 3.

(3) The figure 3 consists of [} blocks, among which [ ] blocks
are in the original shape.

(4) Find the minimum of volumes of the blocks contained in the
figure 3.

3cmC /

R

Q

E 6cm

Fig.2

B

Fig.3

o]



Solution for the 2013 Math Exam at Nada Junior High School, Kobe

16 X 16=256, 256 X 256=216 squaring the number
just obtained.

1st Day
1 1 183-11 4
1 +43= +43=—r
(]1 183) B 2013 2013
_ 668 - 167 1 668 :___1_.
2013 671 2013 [B]

Suppose that they sold x units, y bags
and 2z boxes of candies. Then
1.8x+5y+192=199 & 9x+25y+952=995 )
x+3y+t102=107 @ s
O-®@ X9 gives us —2y+52=32 & y:?z—lﬁ 6]
35

Sox = —3y-102+107 = ———2+155.

xZ 3y 0z @ 3 ?

32 62

As x=0 and y=0, ?§z§'—7—. Furthermore,

2 is even because X,y are integers. Hence 2=8.

5
o S 1=
Y972

12345678—51627384—75318642—87654321
—48372615—24681357—12345678 indicates
that the 8 digit integer returns to itself in 6
operations. Hence 100=6 X 16+4 operations yield
[48372615| , which is obtained by 4 operations.

Case (i) Denominator is even.

n
If integers m,n satisfy 0.5<{——<0.51
2m

© m<n<1.02m, we have 1.02m>m+1 & m>50.
Then 2m>100, that is, there’s no fraction whose
denominator is not greater than 100 between
0.5 and 0.51.

Case (ii) Denominator is odd.

The denominator is not less than 3. Note that

m+1
<0.5¢<

m
any i?teger m satisfies py——

<0.51 holds iff 1.02m+0.51>m+1
2m+1

& m>24.5. Hence the cases m=25,+,49 produce

fractions 20 «. 20
AcHons 51" 99

and smaller than 0.51. Furthermore, they are

irreducible because 2(m+1)-(2m+1)=1; the left

hand side is divisible by any common divisor of

, which are greater than 0.5

m+1 and 2m+1 so that 1 is the only such.
+2

2m+1
& m>74.5, which implies 2m+1>100.

Finally, the @ fractions listed above satisfy
the required condition.

<0.51 holds iff m+2<1.02m+0.51

(8] In order to produce a number as big as
possible, we should do 2 X 2=4, 4 X 4=16,

Thus it isn’t possible to produce 512 in 3 times,
but is in times. (2X2=4, 4 X 4=186,
@

16X 16=256, 256 X2=512.)
We can produce 2'° in [§] times: 2 X 2=4,
@

4X2=8, 8X8=64, 64X 64=212, 212 x8=215,

If it were possible to produce it in 4 times, the
4th multiplication would be 214X 2, 213X 22,
21223, 211 x 24, 210 25 29x 26 or 28 x 27,
However, 28 is the maximum which is produced
by the 3rd multiplication, and we cannot
produce both 28 and 27 in 3 multiplications.

Call the intersections
P,Q,R,S as in the figure.

B At the speed of 11.5m/s,
S e . takes 230-+11.5=20
B b s _ﬁ . seconds between
Q ___ __ adjacent intersections
P St AN so that the green light
42 5(7)' %/1{220\152180212 period varies by 20
60+ 22272 . 184 364 seconds as the diagram
3 3 3 3

shows. (—means yellow
and red.)

N indicates the case in which we drive from B to
A, without stopping at any light, at the fastest
constant speed of 690+92:@ m/s.

As A0OB=100A+B is a multiple of AB=10A+B,
(100A+B)-(10A+B)=90A is also a multiple of
10A+B, that is, 10A+B is a divisor of 90,180,
or 90X 9.
Also, CACBC=10101 X C+1000A+10B
=10101C+10(100A+B) is a multiple of 10A+B
so that 10101C is a multiple of 10A+B as well.
Because 10101=3X7X 13X 37 and 10A+B is a
2 digit common divisor of 90A and 10101C,
there’ll be the following cases:
If A=1, (AB,C)=(15,5),(18,6)

B#C is lol. satisfied.
If A=2, 20 is the only divisor of 90A=180 between
20 and 29. However, B#0 is not satisfied.
Quite similarly, if A=3,4,5,6,7,8,9, there’s no
(AB,C) satisfying the condition.
Thus we get (A,B,C)=(1,8,6). ..CACBC=[61686].

_5_



(8] Fig.1 In the figure 1, an
Row 20 1003991394 - -]3g1] integer is written in a
AENEF : box which is located in
Row3| 9| 8| 7|34 the 20th row or lower
Row?2| 4|3 |6 |383 @and20th column or
Row1| 1| 2|5 |s6g lefter.
Coll ' Col3 Colzo In the figure 2, the box
Col 2 of the 1st row, nth
Fig.2 column is filled with
n(n+1)
1+2+...+n:_
Row 4| 7
ow Hence the box of the
Row 3| 4 | 8
ov 1st row, 28th column
Row 2| 2 |59 28 X 29
wowil 118 (8110 corresponds to —
Coll! Col3 =406.
Col2 Col 4 Therefore, there're

1+2+---+8=36 filled boxes in the 21st—-28th rows,
and 36-6=30 in the 21st—27th columns.

401I406
Thus 400-(36+30)= @ boxes were filled with
an integer twice.

Take the coordinate
axes and name the
vertices, as indicated.
Then EFGH,IJKL are
squares with side

N 42482 =4[5 cm and
area 80cm?.

The lines FG: y=2(x-8)

x 1
and JK: y:?(x—él)

28 8 28~ a5
intersect in M(T,—B—). MF:ﬁ(T—g)z—S—.

The lines JK and EF: y=—7x+4 intersect in N(6,1).

a5

7
B=0 ] NF M C

1 1
~.NF=A5, AFMN=7><—§-—X:/§=TO.
The area to find is [JEFGH-4 AFMN= 220 cm?.

The vertex A traces the
arcs shown, each of which
has radius 3cm. The sum

of their central angles is
240°+180°X 3+60°=840°.

Hence the length to

find is 3X2X3.14X&

360
=143.96| cm.

Let N be the midpoint of BC. It follows

from the midsegment theorem that

MN=%=—2— cm, ZMNB=ZACB=90°

. ZMDN=30°, DN=%4/—§- .

".®=180- ZADC-ZMDN
=180°-(90°-15°)-30°= 757

o
BD=BN+ND=CN+ND=2ND+CD=543 +5tan15°

tan60°-tan45°
= + °— = +H—
54 3 +5tan(60°-45°)=543 +5 Tt ton60°tandt®

N3-1 4-243
=543 +5- =543 +5-———= [T0| cm
e .

Fig.1 We get the solid shown
. 342—' ) in the figure 1 : a box
r N3 |3/ 7| with sides 6c¢m, 6cm,
,'l -7 |/ 3cm, minus 4
: tetrahedrons shown in
Fig.2 the figure 2.

Its volume is 6 X6 X 3
1 1

——X3X3IX3IX=—X4
2 3 3

=190] cm?.
Suppose that the cube has

side 1, and let g,b,c be the
lengths of sides of dry part

of the figure 2, as shown left.
Then it follows from the condition that
atbtc 11 _ 3

4 14 14

3

a=c, b=atc,
. 3 b
S.a=cm—, b=—.

14 74
Hence in the figure 1, water occupies a

tetrahedron with perpendicular sides 1,1,

b 2 It 1 i 1)( 3 \<1 ’1
ey v X e K |
a s volume is 223 28

14 2



2nd Day

20 (1) Suppose that A
Q / walked at @ m/min. and
14 . B walked from M at b
M- ”20: m/min. Then B walked

B : up to M at 3b m/min.
=8 A The condition tells us

. that A,B walked for
P T t the same period of
time, that is,
42000 28000 14000 . 9
a = 35 + P -a-gb.

When B arrived at M, A has walked for

a
28><—3—b—=16.8 km so that he was

28-16.8=11.2 km behind of B.
(2) Suppose that it took ¢ minutes for B to
walk from P to M. Then A walked for
a(t+20+81)=28000+81p m since the departure
from P until he passed by B.

5
As @t=16800 and b="ga by 1),
16800+101¢=28000+45q © a=200.
Hence it took 42000-+200=210 minutes
=3 hours and 30 minutes for A to arrive at Q.

(1) 4 consecutive numbers among 0,1,,9 are
0,1,2,3),(1,2,3,4),(2,3,4,5),(3,4,5,6),(4,5,6,7),
(5,6,7,8),(6,7,8,9), of which (0,1,2,3),(3,4,5,6),

(6,7,8,9) are such that their sum is a multiple of 3.

(0,1,2,3) yields 3 X 3!=18 4 digit integers, and

digitTof 1000
(3,4,5,6),(6,7,8,9) yield 4!=24 each.
Thus there’re 18+24 X 2=66 in total.
(2) Case (i) (The rightmost digit)=0 mod 3.
@ The rightmost digit is 0 - the leftmost 3 digit
is a permutation of 1,2,3, and there’re 3!=6.
& The rightmost digit is 3 - the leftmost 3 digit
made from (0,1,2) ; there’re 2 X 2!=4,

digitTof 100

made from (4,5,6) ; there’re 3!=6.
@ The rightmost digit is 6 - the leftmost 3 digit
made from (3,4,5),(7,8,9) ; there’re 6 each.
¢ The rightmost digit is 9 - the leftmost 3 digit
is made from (6,7,8), and there’re 6.
Case (ii) (The rightmost digit)=1 mod 3.
@ The rightmost digit is 1 --- there’s no 4
consecutive numbers satisfying the condition ;
2+3+0=2, 2+3+4=0 mod 3.
@ The rightmost digit is 4 -~ the leftmost 3 digit
is made from (2,3,5), and there’re 6.

@ The rightmost digit is 7 -~ the leftmost 3 digit
is made from (5,6,8), and there’re 6.

Case (iii) (The rightmost digit)=2 mod 3.

@ The rightmost digit is 2 -+ the leftmost 3 digit
is made from (1,3,4), and there’re 6.

@ The rightmost digit is 5 -+ the leftmost 3 digit
is made from (4,6,7), and there’re 6.

@ The rightmost digit is 8 - there’s no 4
consecutive numbers satisfying the condition.
Summing up above, there’re 6 X 9+4=58

4 digit numbers satisfying the condition.

(1) Let a,b be the length of sides of the

A D squares ©,®,

respectively. Then the

@® length of sides of the

other squares are

@D:b, ©:atd,

® : (a+tb)+ta=2a'h,

B c @:(Qatb)a=3a+b.

~.AD=(3a+b)*+(2a+b)=5a+2b,
BC=b+b+(a+b)=a+3b.

Because AD=BC, 5a+2b=a+3b © b=4q.

~.AB=(3a+b)+b=3a+2b=11a, AD=5q+2b=13q.

.AB:AD=11:13.

(2) Let ¢,d be the length of sides of the

P S squares @,®,

@ | ® ®

® respectively. Then the
® length of sides of the
6] other squares are
®| © | O:ectd,
® & @ | B c+(cicf)=+2c)+d,
Q R @O : %Z%er,

(o4 C
@ : d+(-§—+d):7+2d. As PQ=SR,

® : Qetd)etd)He+d)-(—+2d)=3c+d.

® @ 0] 2 @
C
Because PS=QR, (3c+d)+(2c+d)=(—2-+2d)+(c+2d)
7
& d=—c.
d 4c

c 35
PQ:(3c+d)+("2—+2d):TC ,

17
PS=(3c+d)+(20+d):—2—c.
. PQ:PS=35:34.

_.7_



(1) Define the vertices P,Q,R as indicated.

p Because ARAQ« ARQP,
C A AR QR QR? 16
3 —=—— AR
’ QR PR PR 5]
L -.PA=PR-AR=5--—2=2.
Q B R 5 b
AB AR
Because AABRo APQR, E:—;R—
.« AB= ARPQ 48
o PR 25 cm.
Because APCA«» APQR, %=%
 AcoPARQ 36
T &cm
(2) Take the coordinate axes as indicated.
Y The circle centered
D G

at D is given by
H x2+(y—4>2:16 (i)
The circle with diameter

EF is given by

E=0O X (x-3)2+y?=9 (i)

(i)-Gi) : 6x-9-8y+16=7 & yZIx -+-(iii)

This is the equation of the line EH. Plugging (iii)
into (ii), (x*3)2+19—6x2=9 o x=0,£.

25
96 72
i iii) tell us ——).
This and (iii) tell us H( TR )
_ 96, 72, 24
S EH= —_— ) ()2 = A
EH (25) (25) 5 cm

® (Quadrilateral EFGH)=AEFH+AFGH

1 72 1 96, 324
= X B X ——t ==X 4 X (=)= 2
6 5 4X(6 25 ) 25 Cm

2 25

] (1)

(2)

(3) Among the 36 blocks used to build the cube,
only the top one of the 1st row, 1st column was
cut off completely so that the figure 3 consists
of B_—51 blocks.

No block in the 1st column has the original
shape, because they were cut off by the plane
through D,B,E.

On the blocks in the 2nd column, the number of
originally shaped ones are 6, 5 (except for the top
one), 3 in the 3rd, 2nd, 1lst row, respectively.
Thus there’re 6+5+3=[T4] in total.

(4) Let @ be the top block of the 2nd row, 1st
column, and ® be the 5th block from the bottom
of the 1st row, 1st column.

Compare the volume of these.

Take the coordinate axes as in the figure 2.

The plane through A(0,6,6), B(0,0,0), C(6,0,6) is
xt+y-2=0, the plane through D(0,6,0), B, E(3,6,6)
is 2x¢—2=0, and their line of intersection is

y=x, 2=2x.
Hence the vertices of @,® are
@ (3,4,6) (3,2,5)
(3,2,4)
(2,2,4) (3,1,4)

The volume of @ equals the sum of the volume
of a pyramid whose base is a trapezoid (upper
base %, lower base 2, height %) and height is
1 and the volume of a tetrahedron whose base
is an isosceles right triangle with equal side 1
and height is % -

1 1 1.1

3 1 3
— X (42X =X X =4+—X 12X == X —=—,
2 (2 2 2 3 2 2 8

1
The volume of ® equals E—X 13X

w

Therefore, the minimal volume is cm




Math Exam for the 2011 admission process at Nada Senior High School, Kobe

Note: Just give the answer for [1],[2] (1)(2).

Explain how you’ve got the answer for the other questions.

Fill the blank with an appropriate number.

(1) If x=1+42, y=2+43, 2=4+46, xyz—4xy-yz—2zxt8x+4y+2z-8=0.

(2) Let a,b be constants different from 0, and x,y be coordinates on a plane. If the two lines
x+l\/—y QA/— +—*1 intersect where the two lines %+——O n/—:r+y 83 do, then a=[1, b=L1.

(3) Let @ be a posmve odd integer, and b be a prime. If the quadratic equation x?—ax-b3=0 has a

y Y=o’

root which is an integer, then g=[1, p=01.
(4) Let A(1,1), B(3,9), points on the parabola y=x%. If £ : y=xta
(a is a constant) is the line intersecting the parabola in two points

C,D as indicated on the figure, and AE=BF, where AE,BF are
perpendicular to g, then g=[1 and CD=[1.

A boy is on the bottom of stairs. Tossing a dice, he goes up 1 step if 1 shows up, 2 steps if 2
or 3 shows up, and goes down 1 step if 4,5 or 6 shows up. In addition, he stays on the bottom if he
is there and 4,5 or 6 shows up.

(1) If he is on the 4th step after tossing the dice 3 times, there’re [ possible ways in which the
number of the dice shows up in the 3 tossings.

(2) If he is on the 2nd step after tossing the dice 3 times, there’re [1 possible ways in which the
number of the dice shows up in the 3 tossings.

(3) Suppose that he is on the 3rd step after tossing the dice 4 times. Find the number of possible
ways in which the number of the dice shows up in the 4 tossings.

There’re 2 towns P and Q along a river, where Q is 37.8km downstream of P. A boat left P
for Q, and a cruiser left Q for P at the same moment. They passed each other 42 minutes later
and the boat arrived at Q 12 minutes thereafter. Having rested for x minutes at Q, the boat left
for P and passed by the cruiser. The time needed for the boat to pass by the cruiser since the
departure from Q was a half of the time since the departure from P until the departure from Q.

Let a,b and ¢ [m/minute] be the speed of river current, boat and cruiser (on the water without
current), respectively.

(1) How long did it take for the cruiser to arrive at P after leaving from Q?
(2) Find a,b,c.

(3) The cruiser arrived at P 7 minutes later than the boat did. Find x.



16 equilateral triangles with side 1 are placed inside a regular E

dodecagon with side 1, as the figure indicates. A //\
Let A,B,C,D,E be vertices as shown. B

(1) Find the distance between A and B.

(2) Find the distance between C and D.
(3) Find the area of the pentagon ABCDE.

[5] As the figure indicates, two circles 0,0’ centered at 0,0’
intersect in two points P,Q. O is on the circle O’, and OA is a
diameter of the circle O’. K is on the arc PA (the one not
containing O and excluding its end points) and S,T,R are on the

circle O which are also on the line KP,KQ,OP, respectively.
(1) Prove that PS=QT.

(2) Prove that the line KQ passes through O’ if QR=QT.

[6] The figure ABCDE shown right has 6 faces of equilateral A
triangles with side 6.

(1) Find the distance between A and E.
(2) Find the volume of the tetrahedron ABCE. B D
(3) Let P,Q,R be the midpoints of AB,BC,CE, respectively.

Find the area of the section of the tetrahedron ABCE by
the plane through P,Q,R.






