
Math Exam for the 2013 admission process at Nada Junior High School, Kobe

1st Day (60 minutes)
' The figures are not necessarily precise.

Note ' Use 3.i4 as the circle ratio.
' The volume of a pyramid equals (the area of base)x (height)xl.

J

F'il1 the blank with an appropriate number.

-11 rlU ( r, - ,e3 ): 43=( tr -;71 ): 167 (4 poinrs)

厖]′There's a candy which costs Sl.8 each.A bag of 3 candies costs$5,and a box of 10 candies

costs S19.One day,they sold 107 candies with revenue Of$199.This day,E]bags were sold.

(8 points)

□ If We apply the prOCeSS eXplained below 100 times to the 8 digit number 12345678,we'1l get[コ

Process:Move the lst,2nd,3rd,4th,5th,6th, 7th,8th numbers from the left into the 2nd,4th,

6th,8th,l st,3rd,5th,7th place fr。 ■l the left,respcctively.That is,change ABCI)EFGH intO

EAFBGCHD・                                      (8 points)

Eil Amone the irreducible fractions which are greater than 0.5 and smaller than 0.51, there'ren
fractions whose denominators are not greater than 100. (B points)

匿]Starting with 2× 2‐ 4,we keep prOducing new numbers by multiplication,under the condition

that 2 and any prOduced ntllllber can be used anytime.

For example,2× 2=4,4× 2=8,8× 2=16 show that 16 is produced in 3 inultiplications,while
2X2=4,4× 4‐ 16 show that 16 is prOduced in 2 111ultiplicatiOns as well.
Under the rule,the minima1 1lumber of multiplications needed to produce 512(=29),32768(=215)

iS回 ,口 ,reSpeCtiVely.                      (4 points X 2)

匡]On a Straight road connecting towns A and B,there're 4 interse ctiOns,which are apart by 230m.

Each intersectiOn is equiplped with a light,which turns green for 28 seconds then yellow and red

for 32 seconds.If we drive■ om A to B at the constant speed of ll.5m/s and pass the lst light at

the FnOrnent that it turns yellow frorn green,we'1l pass the Other 3 1ights at the mOment that they

turn yellow iom green.E]m/S iS the faSteSt COnStant speed at which we drive fl‐ om B to A without

StOpping at any light・ We aSSume that a light iS green at the moment that it turns green(yellow)

仔Om red(green).                                   (8 points)

□ We have a 2 digit intoger AB.The 3 digit integer AOB and thc 5 digit integer CACBC are

divisible by AB,where A,B,C are nOnZero and distinct each other.The 5 digit integer C〕 A(〕 B(〕 is

□・                                (8 points)
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□ We fm boxes with integers l through 400 under
certain rule.First,we did as in the figure l.´ :「hen we

erased them and did as in the igure 2.E]bOxes were

illed With an integer twice.       (8 points)

「
ig.1

回 In the igure right,ABCD is a square with side 12cm,and each side is

equally divided into 3.The area Ofthe shaded OctagOn is□ cm2.

(8 points)

Fig.2

A D

B 12cm C

E 7 equilateral triangles with side 3cm are placed as in the right. If the shaded one
moves around the others without sliding in the direction indicated until it comes back
to the origirral position, the length of the curve traced by the vertex A is n cm.
Note that the vertex A doesn't necessarily go back to the original position.

(B points)

回 On the right figure,M is the midpOint Ofthe edge AB,① =15°
,

AC and MD are 5cm.Then ⑤ =Kコ
°
,BD=【コcm.     (4 pOints× 2)

6cm

回 The v。 lum。 。fthe s。 lid built from the right exploded view,.

of 2 squares,4 equilateral triangles and 4 isosceles right triangles,

ls□ cm3.                   (8 points)

E A cube shaped container is fixed inclineri. Pouring water
in it, we get the figure l Pouring morer we get the figure 2,

and the water occupi"r + ofthe cube. The water occupies

I ofthe cube in the figure 1. (B points)

A

A

D C

ヽ

↓

M
5cm

B

16 15 14 13

12

11 18

10 17

16

11 17

12 18

13

14

10 15

5 crn
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2nd Day(60 minutes)

Just give the answer briコ (1),(2),(3).

Note Explain how yOu've got the answer for the Other questions.
1・Th° V°lume° f a pyramid equalS(the area Of baSe)× (height)×

=
E Pointr P,Q are 42km apart, and two boys A,B left P for e at the same moment. A kept a

constant speed, while B walked to the point M, which is 2Bkm from p, at a constant speed, rested

at M for 20 minutes, then walked to Q at f of the original speed. 2{ passed by B t hour and 21

minutes after B left M, and A arrived at Q 20 minutes before B did. (8 points X 2)
(1) When B arrived at M, how many kilometers was A behind of B?
(2) How long did it take for A to arrive ar e since the departure from p?

回 2013 is made of 4 consecutive numbers O,1,2,3.4213 is also made of 4 consecutive numbers

l,2,3,4.We cOnsider such 4 digit numbers made of 4 consecutive numbers.     (8 points X 2)

(1)HOW rnany of thom are divisible by 3?

(2)HOW many SuCh numberS are there that its leftmost 3 digit and the rightmost l digit have the

Same relllainder When they're divided by 3?

□ The igures l,2 indicate that rectangles ABCD,PQRS are packed only with squares.

A          D    P        s           (8 points× 2)

B           C     Q
Fig.l              Fig.2

(1)Express AB:AD,the rati0 0f lengths,in the simplest fOrnl.

(2)Express PQ:PS,the ratio Of lengths,in the simplest fOrm.

R
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□  (1)On the igure l,find the length of AB,AC.      (8 points)

(2)In the igure 2,a circle;centered at D with radius DE,intersects

another,with diameter EF,at H in the rectangle DEFG. (8 points× 2)

① Find the length of EH.

② Find the area ofthe quadrilateral EFGH.

□ Figure l is a cube with side 6cm built Of 86 blocks with sides

lcm,2cm,3Cm.                          (7 points× 4)

(1)We cut the cube with the plane through A,B,C,and leave the

part containing the vertex E).Write the joints between the b10cks

on the section in the figure 2.

(2)ヽVe cut the figure 2 with the plane through I),B,E and leave

the part cOntaining the vertex IC).Write the joints between the

blockS on the sectiorl in the figure 3.

(3)The figure 3 consists Of E]blocks,alnong which[三 ]blocks
are i1l the original shape.

(4)Find the minimum of volumes Of the b10cks cOntained in the

ngure 3.

C

5cm

B
4cm

Fig.1

6cm

Fig.2

B  Fig.1

B Fig.2

3cm

4cm

D

E

G

F

E

A
C

D

D

E

A
C

E

D

H
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Solution for the 2013 Math Exam at Nada Junior Hieh School, Kobe
1st Day

回(+―告 )÷ 43場満棄43券「668 _ ´̂ _   1   668   1
=一 三― 16/ 

―

十

一

=一
2013  ^~…  671  2013  [ヨ ]・

匝]Suppose that they s。 ld χ units,び bags

and iz boxes of candies.´『 hen

l_8χ +5υ+192‐ 199〈→ 9χ+25υ+952‐ 995・・・①

χ+3ν+102‐ 107・・・②

(1,― (2)× 9 gives us-2ν+52=32⇔ ν二十 χ-16…・③

.・c8-3ν-102+1075-‐す 2■ 155.

AS T≧ O and ν≧0,サ≦χ≦千.FurthermOre,
2 iS eVen beCauSe χ,υ aro integers.Hence 2=8.

5
ν37× 8-16=回

□  12345678-― )51627384-→ 75318642-→ 87654321
-→ 48372615-―>24681357-→ 12345678 indicates

that the 8 digit integer returns tO itself in 6

operations.Herlce 100=6×116+4 operatiOns yield

l至翌亜コ,which is obtained by 4 operatiOns.

□ C ase(i)DenOminatOr is even.
η

If integers名ん,π satisly O.5く τ万
〈0.51

⇔ π く,2く 1.022,we have l.02π〉椛 +1⇔ π 〉50.
′
I｀ her1 27γ z〉 100,that is,there's no fraction、 i1lose

denorninatOr is nOt greater than 100 between

O.5 and O.51.

Case(五 )DenominatOr is Odd.
′
I｀ he denorninator is not less than 3.NOte that

"唸

      γη+1
a窮

茸
teger m satisies―蒻戸「

(0.5く可万
=.

2五万軍丁
〈0.51 holds iff l.02π +0.51〉観+1

⇔ 7γι〉24.5.Hence the cases"t=25,・ ・・,49 prOduce
,^    民n

iaCtiOnS十 ,… ,音 ,Which are greater than O.5

and smaller tlhan O.51. Furthernlore,they are

irreducible because 2(π +1)― (2π +1)=1;the left

hand side is divisible by any cornlnon divisor of

"4■

l and 2"り+l sO tlhat l is the Only such.

%唸+2

2ηz■ 1〈
0・ 51 holds iff π +2〈 1.02ηz+0.51

⇔ η2〉 74.5,which irnplies 2'72+1〉 100.

Finally,the l四 ■actions hsted above satisけ

the required cOndition.

[5]Irl or(ler t。 1)roduce a rlulnber as big as

poSSible,we should do 2 X 2=4,4× 4=16,

-5-

16X16=256,256X256=216,squaring the nulnber

iuSt Obtained.

ThuS it isn't possible to produce 512 in 3 til■ les,

but is in□ times.(2X2‐ 4,4× 4=16,
①

16× 16=256,256× 2=512.)

Ⅵ7e can produce 215 in□ times:2× 2=4,
②

4× 2‐8,8× 8=64,64× 64=212,212〉く8=215.
If it Were possible to produce it in 4 tirnes,t,he

4th multiplication would be 214× 2,213× 22,

212× 23,211× 24,210× 25,29× 26。 r28× 27.

However,28 is the rnaxirnum whiCh iS prOduCed

by the 3rd inultiplicatiOn,and、ve cannOt

prodllce both 28 and 27 in 3 1ntlltiplications.

Ca11 the intersections
P,Q,R,S as in the figure

A PQRS B At the speed of ll.5m/s,

Ｓ

Ｒ

Ｑ

Ｐ

_́_  ____. it takes 230-=-11.5=20

生_L_ ,,∠ _=っ ′ I  SeCOndS betWeen

60

32 60 52180212

adjacent intersections
so that the green light
period varies by 20

seconds as the diagram

shows. (-means yellow
and red.)

12

ゝ indicates the case in which we drive from B to

A,withOut stOpping at any light,at the fastest

constant speed of 690÷ 92=E.]m/s.

□ As AOB=100A+B is a multiple of AB=10A+B,

(100A+3)― (10A+B)=90A is alsO a multiple of

10A+B,that is,10A+B is a divisOr Of 9o,180,…

or 90× 9.

AIso,CACBC=10101× C+loooA+10B
=10101C+10(100A+3)is a multiple of 10A+B

SO that 10101C is a lnultiple of 10A+B as well.

Because 10101=3× 7× 13〉(37 and 10A+B is a

2 digit colnlr10n divisOr Of 9oA and 10101(:〕
,

there'1l be the f0110wing cases:

If A=1,(AB,C)=(15,5),(18,6)
↑

B≠ C is nOt satisied.

If A=2,20 is the only divisor of 90A‐ 180 between

20 and 29.HOwever,BI≠ O is not satisfied.

Quite silnilarly,if A=3,4,5,6,7,8,9,there's nO

(AB,C)satisfying the conditiOn.

Thus we get(A,3,C)=(1,8,6)..・ .CACBC=[ェ
互E].

92

3  3 3  3

固

■__1



Row 20

Col I Col 3 Col 20

Fig.1

400 399 398 381

364

363

362

In the figure 1, an

integer is written in a
box which is located in
the 20th row or lower
and 20th column or
I efter.
In the figure 2, the box

of the 1st row, zth
column is filled with

n(n+1)
L+2+...+n=-.

Z
Hence the box of the
1st row, 2Bth colurnn

28x29
corresoonds lo 

-

'2.
=406.
Therefore, there're

Row 3

Row 2

Row l

Row 4

Row 3

Row 2

Row l

回
ν

Co1 2

Fig.2

1+2+…・+8=36 filled boxes in the 21st-28th rows,

and 36-6=30 in the 21st-27th colurnlls.
↑
401-406

Thus 400-(36+30)=133」 bOxes were fmed with

an integer twice.

Col l Co1 3,
Co1 2  C。 14

12  H  L   D
A

Take the coordinate
axes and name the
vertices, as indicated.
Then EFGII,IJKL are

squares with side

nl 4z+.gz =4/5 cm and

area B0cm2.

The lines trG y=21*-91

1).

E

Ｇ

　

　

Ｋ

　

　

・２

The area to ind is E]EFGH-4△ FMN= cln 2
12001

□

A

The vertex A、 traces the

arcs shown,each Of which

has radius 3cln.The surn

of their central allgies is

240°+180° × 3+60°=840° .

1-Ience the lerlgth tO
父40

findis 3X2X3 14X嚇

=匹国 Cm・

10

C

A

B
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回 Let N be the midpoint Of BC.It f0110ws

froln the midseginent theOrern that

MN=―平 ==■ cm,∠ MNB=∠ ACB=90°

∴∠MDN=30°,DN=サイ3.
∴⑤ =180-∠ ADC― ∠MDN
=180｀ (90性 15°)-30牲 175° |

①

BD=BN+ND=CN+ND=2ND+CD=5/315tan15C

=5V丁+5tan(60° -45°)=5ノ丁+5・ニユ■1111豊豊全二

″ √-1 ″ 4-2√ _
=5″ 3+5-……7==5イ 3■ 5・――T――=1101 cm

l+イ 3         Z    
‐
厖5~

Fig.1

Fig.2

We get the solid shO、 vn

in the figure l :a bOx

with sides 6cm,6cm,

3oln,Ininus 4

totrahedrons shown in

the figure 2.

Its volume is 6× 6X3
1          1
-す X3× 3× 3×

丁
×4

=囲 cm3.

Suppose that the cube has

side 1, and let a,b,c be the
lengths of sides of dry part
of the figure 2, as shown 1eft.

Then it fbllows from the condition that
a+b+c 1 1 3a c,b-a1 c,- 4 14 14'

.'. d-c=-, b=-.14 I
Hence in the flgure 1, water occupies a

tetrahedron with perpendicular sides 1,1,
3 I 3 rl-I-r

b-a=--:--. lrs volunre is : X 
-./ 

: l*i-lt4 2 14 3 128 I

□



回

Q
14

″

β
2

P
81

42000  28000  1 4000

(1) Suppose that A
walked at o m/min. and

B walked from M at b

m/min. Then B walked
up ro M al 3b m/min.
'lhe conditlon te11s us

that A,B walked for
f the same period of

time, that is,

α     3b     b

0
・α=Tυ・

When B arrived at M, A has walked for
q,

28 X -:-= I 6.8 km so that he was
3b

2B-16.8=112 km behind of B.
(2) Suppose that it took f, minutes for B to
walk from P to M. Then A walked for
sft+29+911=28000+81b m since the departure
from P until he passed by !.

5
As of=16800 and b *a bv (l),

I
16800+101o'=28000+450 H a-200.
Hence it took 42000+200=210 minutes

=3 hours and 30 mlnutes for A to arrive at Q

匡](1)4 cOnsecutive numbers among O,1,・ ・,,9 are

(0,1,2,3),(1,2,3,4),(2,3,4,5),(3,4,5,6),(4,5,6,7),

(5,6,7,8),(6,7,8,9),Of which(0,1,2,3),(3,4,5,6),

(6,7,8,9)are such that their sum is a multiple Of 3.

(0,1,2,3)yields 3× 3!=18 4 digit integers,and
↑

digit of 1000

(3,4,5,6),(6,7,8,9)yield 4!=24 each.
´
rhus there're 18■ 24× 2‐ 66 in total.

(2)CaSe(1)(The rightmost digit)=O mod 3.
。 1｀he rightmOSt digit iS O・ ・・the leftFnOSt 3 digit

is a permutation of l,2,3,and there're 3!==6.

。The rightmost digit is 3¨・the leftmost 3 digit

madc iom(0,1,2);there're 2× 2!=4.
↑

digit Of 100

made iom(4,5,6);there're 3!=6.

。 The rightmost digit is 6・ … the leftmost 3 digit

made iom(3,4,5),(7,8,9);there're 6 each.

◇
´
「 he rightrr10St digit is 9…

・the leftmost 3 digit

is made from(6,7,8),and there're 6.

C aSe(五 )(The rightmost digit)=l mod 3.
。 The rightrnOSt digit is l・ ―there'sno 4

consecutive nun■ bers satisfying the condition;

2+3+0:=:2,2+3+4:=:O n10d 3.

。 The rightinost digit is 4・・・the leftmOst 3 digit

is made■om(2,3,5),and there're 6.

-7-

2nd Day

o The rightmost digit is 7 "' the leftmost 3 disit
is made from (5,6,8), and there're 6.
Case (iii) (The rightmost digit)=2 mod 3.
o The rightmost digit is 2.'. the leftmost 3 dieit
is made from (1,3,4), and there're 6.
o The rightmost digit is 5 ... the leftmost 3 digit
is made lrom (4,6,7), and there're 6.
o The rightmost digit is B ... there's no 4
consecutive numbers satisfying the condition.
Summing up above, there're 6 X 9+4=!g

4 digit numbers satisfying the condition.

匡](1)Let α,b be the length Of sides of the

B

squares◎ ,◎ ,
re spe ctively.´ rhen the

length of sides Of the

other squares are

① :b,① :α+b,

⑤ :(α +b)+α=2α +b,

① :(2α+b)+α=3α +b.

.・ .AD=(3α +b)+(2α+o)=5α +2b,

BC=b+b+(α +b)=α+3b.

Because AD=BC,5α +2ゎ =α +3ゎ ⇔ ゎ=4α .

.・ .AB=(3α+b)+b=3α +2b=1lα ,AD=5α +2b=13α .

.・ .AB:AD=11:13.

(2)Let c,d be the length Of sides ofthe
P

C

③
①

0

①

①

①

⑪ ③

squares ①,① ,

respectively.´ :「 hen the

length Of sides of the

other squares are

① :c+d,

① ic+(c+α )=2c+α ,

⌒ ⌒  d+(c+α) c
(in(n)・ _=_+″V'V・
  2  2 W'

.As PQ=SR,

S

^             RO          ,、

①:α+(サ +α)=テ■2d
③:(2c+α)+(c+α )+(♀ +α)― (♀ +2α)=3c+α .

⑤   ③   ~O ~①
C

Because PS=QR,(3c+α )+(2c+d)=(==+2d)+(c■ 2d)

.・ .PQ表 3c+α )+(=+2α )=+c,

PS=(3c+α )+(2c+α)=サ c.
.・ .PQ:PS=35:34.

⑮
④

① ◎ ①



□ (1)Deine the verticos P,Q,R as indicated.

Because△ RAQ∽ ∠ヽRQP,
A

C
AR QR

AR=‐2昼生=‐1■
PR  5

Q B    R
Because△ABR∽ △PQR,
.た 、 AR・PQ 48
・・Aう =~~藤~~=TCm.

Because△ PCACわ △PQR,
.パ ハ PA・ RQ  36
・・Aし =~=― CIn.

PR   25

QR PR

.■ PA=PR
16  9

―AR=5
5  5・

(2)CI fake the coordinate axes as indicaled.
υ

AB AR
PQ  PR・

AC PA
RQ PR

The circle centered
at D is given by

x2+(a-4)2-16 ...{i)

The circle with diameter
EF is given by

D

(il-(ii) : 6r-9-8A+t6-7
′
rhis is the equation of the line EH.Plugging(lil)

into(il)島-3)2++ノ =9⇔
"=o,券

.

ThiS and(iii)tell uS H(士 ,昔 )・

(券)2+(券 )2=争 cm

F

B   Fig.2

Co]2

(″-3)争ν
2=9._(il)

⇔ ン=iχ …(h)

==× 6×券+=X4× (6-券)=誉 cm2

.・.EH=

国 (1)

(2)

D

Row

２

ハ

A

ν

χ

E

D
Row

Row l

B
11

Fig.3

C
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(3)Among the 36 blocks used tO build the cube,

only the tOp One Ofthe lst row, lst colurnn was

cut off conlpletely so that the figure 3 consists

of l¬ blocks.

1
「ヽo block in the lst c01urnn has the original

shape,because they were cut Off by the plane

thrOugh E),B,E.

C)n the blocks in the 2nd c01umn,tlhe nurnber of

originally shaped ones are 6, 5(except fOr the tOp

one),3 in the 3rd,2nd, lst rOw,respectively.

Thus there'ro 6+5+3=図 in tOtal.

(4)Let(a)be the top block ofthe 2nd row,l st

column,and ⑤  be the 5th block■ om the bottom

of the lst rOw,lst c01umn.

CoI1lpare the vOlumO Of these.
´
Γake the coordinate axes as in the figure 2.

The plane through A(0,6,6),B(0,0,0),C(6,0,6)is

χ+γ-2=0,the plane through D(0,6,0),B,E(3,6,6)

is 2,θ -2=0,and t,heir line of intersection is

ν=χ ,χ=2".

Hence the vertices of ①,⑤ are

④           ⑮
(3,4,6)           (3,2,5)

(3,4,
(3,3,6)

2,4)

(=,4,5) (3,2,5)
(2,2,4)  (3,1,4)

(=,=,5)

The volume of O equals the sum ofthe volume

of a pyramid whose base is a trapezotd(upper
R                            l

baseサ ,lower base 2,heightサ )and height is

l and the v01urne Of a te'trahedron whose base

is an isosceles right triangle with equal side l
1

and height iS,:

=×

(=+2)× ;×
1×÷+=× 12×

=× =_=.The v。 lume of ⑮ equalsォ×113×

===.Therefore,the m面 mal volume is i cm3.



(4) Let A(i,1), B(3,9), points on the parabola A=xz.If !,: y=r+a
(a is a constant) is lhe line intersecting the parabola ln two points
C,D as indicated on the figure, and AE=BF, where AE,BF are
perpendicular to /, then o=E and CD=n.

Math Exam for the 2011 admission process at Nada Senior High School, Kobe

Note:Just give the answer for□ ,図 (1)(2).

Explain how一yOu've gOt the ans、 rer for tho other questions.

□ Flll the blank with an apprOpriate number.

(1)If χ=1+√
',び

=2+/3,2=4+/6,χυχ-4χび―ν2-22χ +8χ+4υ+2χ -8=□ .

(2)Let α,b be cOnstants different frorn O,and χ,ν be coordinates On a plane.If the twO lines

“

+A/τソ=9^/了,÷+子=l intersect where the two lines÷ +子 =0,ハ/丁∝+7=8√ do,then α=□ ,b=□

(3)Let a be a positive Odd integer,and b be a prirne.If the quadratic equatiOn a,2_α χ_。 3=O has a

root which is an integer,therl α=巨コ,b=Eコ .                             υ     ν=χ
2

B
y=x+a

A

匡]A bOy iS On the bOttOm Of StairS.ToSSing a dice,he goes up l step if l shows up,2 steps if 2

or 3 shows up,alld goes do、 vn l step if 4,5 or 6 shows up.In additiOn,he stays On the bottolll if he

is there and 4,5 or 6 sho、 vs up.

(1)If he is on the 4th step aier tOssing the dice 3 tilnes,th ere're[]possible ways in which the

nurnber ofthe dice shows up in the 3 tossings.

(2)If he is On the 2nd step a■ er tOssing the dice 3 tirnes,there're E]possible ways in which the

nurnber of the dice shows up in the 3 tossings.

(3)Suppose that he is on the 3rd step after tossing the dice 4 tilnes.Find the nulnber Of pOssible

WayS in i″ hiCh the nu11lber of the dice shows up in the 4 tOssings.

□  There're 2 tOWnS P and Q along a river,where Q is 37.8km downstream of P.A boatlei P

fOr Q,and a CruiSer left Q fOr P at the sarne rnoirlent.′ 「 hey passed each other 42 1ninutes later,

and the boat arrived at Q 12:ininutes thereafter.Having rested for〔 r rninutes at Q,the boat left

for P and passed by the cruiser.′ rhe tilne rleeded for the boat to pass by the cruiser since the

departure fr01n Q WaS a half Of the tilne SinCe the departure frOFn P until the departure frOrn Q.

Let a,b and c[In/minute]be the speed of river current,boat and cruiser(On the water without

curre nt),respectively.

(1)How long did it take for the cruiser tO arrive at P a■ er leaving from Q?

(2)Find α,b,c.

(3)The cruiser arrived at P 7 1ninutes later than the bOat did.Find r.

F

0
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□ 16 equilateral triangles with side l are placed inside a regular

dodecagon with side l,as the figure indicates.

Let A,B,C,D,E be vertices as shown.

(1)Find the distance between A and B.

(2)Find the distance between C alld D.

(3)Find the area ofthe pentagon ABCDE.

国 As the figure indicates,two circles O,0'centered at O,0'

intersect in twO pOints P,Q.O is on the circle O',and OA is a

diameter Of the circle O'.K is ollthe arc PA(the one not

cOntaining(:)and excluding its end pOints)and S,T,R are On the

circle C)which are als0 0n the line KP,KQ,()P,respectively.

(1)Prove that PS=QT.

(2)PrOve that the line KQ passes through O'if QR=QT.

匿]The igure ABCDE shown right has 6 faces of equilateral

triangies with side 6.

(1)Find the distance between A and E.

(2)Find the volume ofthe tetrahedron ABCE.

(3)Let P,Q,R be the midpoints of AB,BC,CE,respectively.

Find the area Of the sectiOr1 0f the tetrahOdrOn ABC'E by

the plane through P,Q,R.

E

A

K

A

A

D

E

-2-
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Solution for the 201l Math Exaln at Nada Senior High School,Kobe

□ (1)If χ=1+^/ア,ソ=2+√ χ=4+√ ,

χυz-4χυ―υz-2χχ+8χ+4υ+22-8

=(υ2-4υ-22+8)χ―(ン2-4υ-22+8)

=(χ -1)(ν -2)(χ -4)=√√
^/丁
=o.

(2)It follows iom the cOnditiOn that the following

SyStern()f equatiOnS in`r arld er haS a r00ti

χ+√υ=94/丁…①,÷+子=1…②,÷+÷=0…③
a/丁χ+υ=8/3・―④.①×′/τ―④ gives us
5ν=10√ ⇔υ=2√.∴%9√―√ 2√=3√ .

Plugging these intO(2)and ③ ,we get

3∠二+ヱ∠二=1…②,._1亜:+ヱ∠二=0… 0'
α   b    ~′  b   α    ~

″=
②'×√「―③'× Vア:二L=へ/丁⇔α=/ア .

α        ~
″
「

②
,×′涯
「
③
,×
ノ丁:_上L=″ヮ⇔ b=ィ丁.
0          ~

(3)If χ
2_α
χ
_。 3=O has a r00t 

ηt WhiCh iS an integer

the other root is α―γ総,which is also an integer.

Because α is odd,their parity is different sO that

their product_b3is even.As b is a prime,b=2.

Hence{観 ,α―観}={-1,8)or(1,-8).As α=π +(α-2)is

positive,{"を ,α―ηι}={-1,8}so that α=7.

..   11-1+α l lα l

(4)AE=――■=「―=二=■ ,

イ2  イ2 √

13-9+α l  lα -61

2

.■ AE=BF(→ lα l=lα-61⇔ α=3.

The(じ―coordinates of C,D are χ2=χ +3

1土√ 3
⇔ ″=-7-.As the s10pe Of CD is l,

CD縁平 ―呼 )題
[ZI If he tosses a dice once,he will gO up lstep,

2 steps,go dow11 l step,Or stay On the bottorn.

We express tihese results as+1,■ 2,-1,0,

respectively.

(1)If he is on the 4th step after tOssing the dice

3 times,one of O+2+2,1+1+2,1+2+l or 2+1+1 lhas

happened.0+2+2 can happen in 3× 2× 2=12 ways,

and the others can happen in l× 1)(2=2 ways.

Hence there're 12+2× 3=18 pOssible ways.

(2)If he is on the 2nd step after tossing the dice

3 tilne s,one of O+0+2,0+1+1,1-1+2,1+2-1,2+1-1

or 2-1■ l has llappened.

0+0+2 carl happen in 3× 3× 2=18 ways,

0+1+l can happen in 3× 1× 1‐ 3 ways,and

the others can happen in l× 3× 2‐6 ways.

Hence there're 18+3+6× 4=・ 45 possible ways.

-3-

1st step

Znd step

(3) If tre :is on the 3rd step after tossing the dice
4 times, one of the following has happened:

Locatlon after the 3rd toss 4th toss

(1) +2

(ii) +1

(‖) 4th step -1

Because of (1) and (2), (ii) and (iii) can happen in
45X1, 1B X 3 ways, respectively. Furthermore,
if he is on the 1st step after the 3rd toss, one of
0+0+1,0+2-1,1-i+1 or 1+l-l has happened.
0+0+1 can happen in 3 X 3 X 1=9 ways,

0+2-l can happen in3x2X3=18 ways, and

the others can happen in 1 X 3 X 1=3 ways.
Hence (i) can happen in (9+18+3 X2)X2=66 ways.
In total, the number of possible ways is

45+54+66= 165.

□ The condition gives us the diagram below

P

S
$_oat

Cruiser

R

Q

=(54t)(1)If R is the place where the boat and the

cruiser passed each other,PR:RQ=42:12=7:2.

IienCe the CruiSer prOCeeded froln Q to P in

42×ヱニL=189 minutes.
2   -

(2)The bcat gOes downstream at(α +0)m/min,

and the cruiser goes upstream at(c― α)m/min.

I=lenCe the diStanCe bet,Veerl P and Q is

54(α +b)=189(c―α)=37800

「 .α +b=700…・① ,c―α=200・…②
lf S is tlhe place where the bOat passed by the

CruiSer,the distance between Q and S is

(b
54+χ 3(54+χ )

.・ .b―α=3(c―α)・・・③
2

Plugging ①⇔b=700-α …①',②⇔c=200+α…② '

into ③⇔b-3c=-2α ,we get
700-α -3(200+α)=-2α (=)α=50,b F 650,c=250~ 

じ
~ 
②
‐~

(3)It took 189-7=182 minutes fOr the bOat tO

return to P.Asit prOceeded frOm Q tO P in

37800÷ (b―α)=63 minutes,F=182-54-63‐ 65.

42  54  54+`に ,

2



回 Deine the vertices as indicated

(1) An interior angle of a

regular dodecagon is
180 x (12 2)

t2

A

E

G

K

D

H

F

J

.'. Z BGK=150 60 x 2-30". 1

As I IKJ=190"- Z JKG-30',
BG and JK are parallel and

A,B,G are collinear.
As z1 IJK=30o as we11, AiJK is

isosceles with I.1=16 so that
IM■ JK,where M is the

midpoint of JK.
G A

IKcos30° =KM=二 implies IK一生 4-L.2  ~    イ3 2 V3
△IJK∽△lAG gives us器=器=1■√.
.・ .AG=1+√ 5,AB=AG― BG=√ 3■ 1.

(2)Let O indicate the circumcircle and its center

of the regular dodecagon. I)I― I,FG are diarneters

of the circle()so that D(〕 IIF is a rectangle,and

∠GDH=(an inscribe d angle for爾 )=15° . Hence

υし=面 =可百五iττご石チア=…1百万6ち=1百1=τ丁
=Z+″ 6・

C is on DG,and CG=(the height of an equilateral

triangle with side l)× 4=2ノ
'百

.

.・ .CD=(2+ノ
「
)-2/3■ 2-ノ丁.

(3)As the igure is symmetric with respect to the

perpendicular bisector of GH,
1

s:=(pentagOn ABC DE)=す t(regular dOdecagOn)

―(equilateral triangle with side l)× 16

-(rectangle CDFL)― (quadrilateral AJKG)× 2).
^ 層

As△OGH=↓ GH2■ =―
生生L.

(regular dodecagon)=12△ OGH=3(2+J3).
″
= 
だ
=1  ハノК  ″ :く

Cquilater al triangle With Side l)=す 1サ=廿 ,

and(rectangle CDFL)=CD‐ DF=2-ノ
'3.

The quadrilateral AJKG is a trapezoid with JK=1,
_              1

AG=1+イ 3 and the height KGsin30° =二―so that

itS area iS÷ (1+(1+め )・

==∠

1卜・
r.s=={3(2+わ -16・手―(2-島―と二}=■二

□ (1)△ OPS and△ OQT sati翁
OP=OS=OQ=OT ,and
∠O PS=180°―∠OPK=∠ OQT(∵ the quadrilateral

OPKQ is inscribed in the circle O'.)

.・.∠ POS=180°-2∠ OPS=180°-2∠ OQT=∠:QOT.
∴△ OPS三 △OQT(SAS).∴ PS=QT.

(2)It suffices to prove that∠ KPQ=90Cif QR=QT.

If QR=QT,(1)gives us QR=PS sO that

△ ORQ≡ △ O PS(SSS)∴ ∠ORQ=∠ OPS⇔ SK〃 RQ
(・ .・ a pair of alternate interior arlgles are equal.)

r.∠ KPQ=∠ PQR=90° (∵ PR is a diamoter.)

匡](1)lf AH is the perpendicular iom A to the

plane BCD,the right triangles AHB,AHC,AIID are

congruent for equal hypotenuses(AB=AC=AD)and

legs..・ .BH=CH=DH,that is,H is the circurncenter

of△ BCD.Similarly,EH_LBcD,and H is on AE.

As∠ BHC=2∠ BDC=120° ,△ BHC is similar tO

△ KIJ in□ so that
BH Kl  l . .'. BH=2,,/t
BC KJ y'百

Pythagorean theorem gives AB2_BH2

=Z^16, and EH-2aE a"s weli. .'.AE=z^fr-x Z=!![8.
(2) it foliows from (1) that (tetrahedron ABCE)

-(tetrahedron ABCH)+(tetrahedron EUCH)
1 1

,=‐二=~  3
3
×△ BHC× AH× ×△ BHC× AE

the distance f｀ rom I―Ito BC is BHsin30°

―)

=イ T,

△

1    _._

BHC=7× 6× V3=3V3and the volume to ind is

xs46x +la=n^/T1

3

(3)

By

2 2 2

l-et X be the point of intersection of the plane

PQR and the line AE. As X is on AE, we can

express BX=(l-r)BA+fBE (l -Da+te ...Q),

where t is a rea1. As X is also on the plane PQR,
------) ---+ ------> m -) -) n -+

we can express QX=72QP+71 QR=7(a-c)+7e

so rhar tsX=Be+eX - 2 o* 2 s*7e ...(D,

where m,n are reals.
-+ -+ -)

Because a, c, e are linearly independent, we get
ml-mn

t-t-;, ;-=0, f=;- by comparing the right
azt

hand sides of O,@. Solving these, l.=l,m=n-|,
Z

thar is, X is the midpoint H ol AE and PQRH is

---.-)-a parallelogram ('.' QH=QP+QR.) *"_13]"-,*
----), cA l BE ---)----) a'e-c'e
lQPl--;-3, iQRi= " =3. QP'QR-----;-,
c'e 62cos60o lB. Furthermore, (l) and

1天言12=|ま」2=|ヨ 2_2″多1訥 2=72-2まずgive
→→72-(4/6)2  _ _ゼ_,ゴ _12-18 15
α
・
e=― ― 一

百

― ― ― ― =-12… ■ QP・ QR=一
T―

― =― ―

ァ

Therefore,the area to find is(圧IPQRH)

=へ/.肩Fl百FttT'17Z戸繭濠|「=
3/11

-4-
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Math Exaln given fOr the 2025 general adnlission process at Univ.of TOkyo

Problems for those whO wish to major in Science,Enginee亘 ng,etc。 (150 min。 )

亘]Let A(0,0),B(0,1),C(1,1),D(1,0)be points On a coordinate plane.Let t satiS'ア 0くすく1,Pt,Qt,Rす

“

血e pOints mぬe ttgm銀お ALBQCL呻 ectiVdL釦ぬ 山址
等

=寺 =辛
毛

,

1l1lII五1祉iⅢi輯∬種
∝霞鴇∵ぬ血畿=持毛'

疵
市再
=百・

FurthermOre,let A,D be UO,Ul,respectively.

(1)Find the cOOrdinates of the point Uチ .

(2)Find the area ofthe dOmain surrounded by the segment AD and the curVe traced by the point

Ut,0≦ t≦ 1.

(3)Let c satis亀″0〈α〈1.Express the length Ofthe curve traced by the point Ut,0≦ ι≦≦α,as a
polynOmial in α.

回① Prove…4-Q ②詭dル∫トギ)磁
電lilttξ精罵∬:貯篇稔二il:=÷'AB=α

,BC=a and α≦み
The vertices A,B,C,D lie on the edges EF,FG,GH,HE,reSpectively,wheFe an edge includes

its ends.

Let s be the area ofthe rectangle EFGH.

(1)Expross s in terms Of α=b and′ =∠ BCG.
(2)ExpFeSS the maximum Of s in terms Of α and b.

□ A square number is the square of a nonnegat市 e integer_

Let a be a posit市 e integer,and√
c(■)=χ
2+._α

.

(1)Let tt be a posit市 e hteger.Prove that π≦α,if几軌)iS a square number.
(2)Denote by ttЪ  the number Of pOsitive integers η such thatェα(2)iS a square number.
Prove that the conditiOns(1),(iD below are equivalent:

(i)=α=1  (iD 4α +l is a prime.

固 There're総 (≧ 2)cards numbered l through η,and we arrange them in a row.
Consider the fol10wing operatio■ (Tt),where t=1,2,・ ¨,or η~1.

(Tl)lf the number Of the ith card(from the left end)is greater than that of the(`+1)th one,

we switch these 2 cards.Otherwise,we do nothing.

Suppose that the number Of the,th card is A,(1重 ≦,≦π)in the beginning,and it turns i fOr t=1,…・,

π by(η-1)operations(Tl),(T2)'~・
'(T"_1)fo1lowed by(2-1)operations(T″ _1),・

¨
,(T2)'(Tl).

(1)Prove that at least one of Al,A2iS not greater than 2.

(2)Let Cπ be the number Of possible arrangement Al・
・・Aπ .

For π≧4,express Cπ  in terms Of Cπ _l and C2_2・

回On a plane of cOmplex numbers,let C be the circle centered at=with radius=,minus zero.
(1)For z∈ C,prove that the real part of‐ ■ is l.

2
(2)If α,β ∈C and they're distinct,express the dOmain in which上 +上 moves around.

α2 ′2
(3)If γ is a complex number belonging to the cOmplement ofthe dOmain in(2),find the maximum

and the minilrlum of the real part Of上 .

γ

-1-



Solution for the 2025 4ヽath Exam at

□ (1)First,we get Pす (0,tl,

Qt(す ,1),Rt(1,1-tl.Next,

碍 。・ 叫 武
=(0,t(1-D)+(′ ,う =(`2,2■

`2),

こく→可 +べ

B

Pォ

=(t(1-す ),1-tl+(t,す(1-D)=(2ォーォ2,1_=2),

こ七畔 こ
=(`2(1_す ),(1-D(2ナ

`2))+(す

(2サー
`2),ι

(1-t2))

=(3す
2_2t3,3ι-3ォ2). .・ .Uす (3す

2_2=3,3す-3=2).

(2)Let(■ ,ν)=(3=2_2`3,3ヶ 3`2),0≦
=≦
1.

争
=6汗 6,2=6Kl)

#=3-6ォ
give us the

tabliξ

l亀ligraph
Thus the area tO find

iSS ttνα飢
lf we put χ=3t2_2t3,

li」ミ:i塀;]]llnd il‖ |:|ト
・・・S=∫

:(3t 3サ

2)(6ヶ 6`2)αι

C

R

１

一
２

＋

１

一
２
一〓

疏
器
＋３α．

７
　
３α２

●

．

　

　

一

軸　̈静
〔　鋤

７
ｏ
・筆
ｏ
薦

場

ｌ

ｉ

ｔ

‐
―

プ

劾

③

Ｐ

障

科

可

〓３

．

〓３

．
峯

The length ofthe curve is

(子)≒(子)2 αι
36=2(1_l12+(3-6t)2α ォ

4t4_8=3+8,2_4t■ 1

厖](1)Letノ (■)=lnχ―(χ-1),χ〉0.

Thenノ

table on

'(■)=÷ lg市eS theァぁ
ぬe Hght Hence 

両

②可 卜(半崩‐制̈ from Kll
織h半≦ギ +半 .

∴r≦∫i半αF=[台・サー』

(:′ :

Univ.of Tokyo(Science,etc.)

==喘像T-0・卜者がれ―ち駕が三す・
撃 )=典 (21/π l_÷)①

κ

・・・ηf≦‐ 続・21/れ
を′ι・
)=_二年(Z ~・ ―÷

η+1 2 ´ π+1｀ 1/π   2
Next,the graph of z=σ (す)=ln=(=〉 0)z

ls upwards convex,because

g'O=÷ and σ″ω―十く0.
Thus it lies Over the segment

h other w鉗お■鈍≦t≦偽h`≧持←→…②
H動― ギ ≦ギ .

Letting汗半 …半 mQ…

hギ≧≠ ・半 .

2

1
―α
"

=ヂi喘2i締〉
2

搾嘱:・台(キーか…③
2

π
Byぬ ewり,肥肩 ■,

肌 毛 絆 D霜0ギ畔
=子瀾す却=21■2峰司→n2

Hence the R.H.S.of ① converges to ln2=as
η―→CO.Furthermore,υ :=21/π→ l as η→ (つ ,and

m翌=h事=ぽじ赦
″→CK1 21/η -l  υ→l υ~

2             2

つ
子
hOttF1 2轟 |.評・Hm∝ 山eR比 駐

of ③ converges to ln2-÷ as η→∞.
Thtt we rt l中・ヨn2=by ttuee7.hト

-2-



′  C

∠BCD=∠ DAB=π ―」L=二 .

CD=AB=a,DA=BC=ひ .

AS∠ BCG=′ ,∠ CBG=ピL― ′.

∴ABF=π ÷―け み÷+′・
∴FG=FB+BG=aCOく ′+争 >o試n′ …①

Silrlil鉗軌∠DCH=π―午 ′=÷―^
GH=GC+CH=b∞ s′ +αc∝

ヽ計
の 一②

.・.s FG・ GH

s,拶
C° SC′ +÷卜bdn′ Iac∝嗜―か。COs月

ladn(÷―からdn′ ICCos(÷ み。COS外
=α≒h味―粂0く÷―pl・bttn′ cOs′
十α涙豆n(二

:ニ

ーみ OS′ +Cos(÷ ―′ヽh外

=手dn(÷-2か手螢n2′ +αbttn÷
=手(与c¨2′ かn2か手dn2′ +手
=  4  dn2′ +1重

:二
LcOs2′ +三

JL・

(2)′ ranges between O and

and it follows frOm(1)th試

□ (1)As ABCD is a
paralle10gram,we have

∠CDA=∠ ABC=π ,

ィα
4_α 2。 2+ゎ 4+αb

2

辞型亜≡三『≡≡≡:she′ +α >t井 ,

糧ltttsゝぎ lう
α is acute.2′ +α ranges between α and

―王―+α .FuFthermOre,―
:二
十α≧二匹―h。 lds

壼α≧÷⇔ねnα≧青⇔誓手≧士
⇔3α2≧ 2ゎ 2_α2⇔ b≦√「α.
TherefOre,rc≦ b≦ノ2α ,s takes maximum

B卜
亀冬IIE〕 JD

when ′=7E~/.α ,and

π
一
６

|』
==ilakesma五

mum雫

-3-

E] (1)Pr。。f by contradiction.

If鳥続)=π 2+η _α is a square number,there
exlsts a nonnegative integer"z such that

π2+η _α =ηι2...(⊃

Suppose η〉α.Then the L.H.S.of(D is gFeater

than η2 so that観 ≧総+1.Hence the R.H.S.of

① is not less than(η +1)2,and

(R.H.S.)―(L.H.S.)≧ G厖+1)2_(22+π_め=π+α■1〉 0,

a contradictiOn.

(2)Consider a pa■ of integers(η ,η2),where

η〉0,2≧ 0,satisfying

①⇔(π+=)2π 2=α+÷
⇔ (2η +2π+1)(2π -2π +1)=4α +1…①'

As 4α+l is an odd hteger not less than 5,

2■+27確+1,2η-2■に+l are positive odd integers

satisfving 2π +2π+1≧ 2η-22+1…②
(li)⇒ (011f4α+l is a prime,it follows frOm ①'

and② thati:務 1'務il::α
+1()z=z=α

∴銑 =1・

(⇒ =→Ci):We shall prove the contrapositive.

If 4α+l is not a prilne,we can express

4α +l p9,where p,9 are positive odd integers

satisfying 3≦ p≦ g.

p,9 are cOngruent t0 1

or 3 modulo 4,and the

chart On the right gives

us lp,9)=(1,1)or(3,3) modulo 4.TherefOre,

修維
上鰍 場

⇔ 幌μ >ご1夢
■
等

)

is a pair satisfving(D'and different from(α ,α),

i.e.銑 ≧2.

Thus(il⇔(ii)is proved_

回 Note that the card tt stays in the

rightttost position aFter the lst(T2_1),and

the card l stays in the leftmOst positiOn

a■erthe 2nd Cl).

(1)Proof by contradiction,

If lAl,A2}=撓
'J(た
〉′〉2),then the arrangement

after the lst(Tl)is′ たA3・・・Az.The card″ stays

there until the 2nd(T2)'and will be replaced

by the card l at the 2nd(Tl).In other wOrds,

the 2nd card(frOIIl the left end)will end in

2(〉 2),a cOntradictiOn.

(2)It follows frOm(1)that

lAl,A2}={1,2卜①,{1,た}―②,or{2,ル・③ ,
whereた ,′ are integers not less than 3.



Case① t lAl,A2)=(1'2)or(2,1),and the lst

(Tl)makes the arrangement 12A3・ Ä′ .

The cards l and 2 stay there,and A3¨・A,is
reordered to 3-・π after the 20 3)operations.
Thus the number Of possible arrangement

A3… A″ s Cπ_2・

Case(D.仏 1,A2)=(1'た)or(た ,1),and the lst
(Tl)makes the arrangement lん A3・・lAπ .

The card l stays there,andた A3・・・Aπ
 is

reordored t0 2…・η after the 2(,c-2)operations.

Thus the number Of pOssible arrangement

ねへ3…Aπ is Cπ l― C22・

↑
leinlo,t card iS 2

Case③ .lAl,A2卜 (2,O or O,2),and the lst

(Tl)mlkes the arrangement 2瓜
3・

‐・Aπ .

The card 2 stays there until the 2nd(T2)'and

will be replaced by the card l at the 2nd(Tl).

The number Of possible arrangement

然3…亀 おCπ l Cz 2 aSin the case② .

峰食』st cardぉ 1
Finally,C.=2Cπ 2+2(Cな 1-C_2)+2(C_1-C.2)

①     ②      ③
=4C″_1-2Cπ _2・

Remark Solving the recurrence

C2=2,C3=6,and Cπ =4Cπ l-2Cπ 2(総≧4),

we get%=  囲 .

回 (1)As z∈ C,we can express  ν

Z=「戸(1+COS′ )+」生sin′ (―πく′〈π
::|〔
::)'|″Then

1          2                    1

zαキcos′湾dn′
cos_`Ltos―

`L+お

h―

`L)

=寺にOS子―おhf)=1・anf.
C° S~ラ~

∴Re(も=1.
Z

(2)If α,′ ∈C,(1)a1lows us to expFeSS

÷=1+磁,ウ=1+ba where α,ゎ∈2.

鮮∬∬::l[鳳111:[ilttFT「

十+ナ■■2αヶ♂■+2け b24歩♂_b22Hズα+務

If we put(χ ,υ)=(2-α
2。 2,2(α十o)),

αわ
(α+b)2_(α
2+b2)(子)2(2-D4χ +び2

-1.

Hence α,ゎ aFe the distinct real roots of the

quadratic equ鵡 子バ竿 詢
whose diソimmant手=4(≒手-1》ち
0″く2-」ど1

TherefOre,‐
||「
十

ナ

moves

around the domain On the right

(boundary excluded).

(3)Ifwe put γ=“+τi,Where■ ,υ are reals,

then量おHOws,Om ② that F≧ 2-4…①
8

÷=青=券
υ
:γ三フ .2+ν
2  劉

g市∝“Eθけ>警争.

Ifthere exists a maximum of F2+ν 2'ゥ

it happens when i〉 0.If we fix a positive■ ,

L2讐∬f∬lTぷli;暇 :.redS f r≧
λ

As Rc(ニー)is decreasing in υ
2,it takes

γ

fr≧ 2,

F=± ほ if Oく
・
く2.

Hence the maximum″ of Rc(」二)is
γ

maX〔;,置Lπデ計L
Similarly,the minimum 7π  Of RC(―

・
‐)is
γ

″
lnln 

‐¨¨¨¨¨¨
…
¨
…
日日‐
.

工く0(■-4)2

胸り武舟合 はな

〆0= =蒜 giVes uS

FurthermOre,

the chart on the right.

TherefOre,許■(γ 9,ノ '鮨)
2

-4-

z=―+(γ =4二蠣Dノω



4ヽath Exaln given foF the 2025 general adnlission process at Univ.of Tokyo

Problems for those who wish to maior in Literature,Economics,etc.(100 min.)

回 Let α be a positive,umber,and C:Fぉ 2 be a parab01a On a coordinate plane.Let′ be the
normalto C at P(α ,α

2)(the line crthOgonaltO the tangent to C at P),and Q be the point Of

intersection of′ and C,Other than P.

(1)Find the F― coordinate of Q.

Let tt be tho normalto C at Q,and R be the point ofintersection of,総 and C,other than Q,

(2)Find the minimum ofthe r―coordinate of R,if α varies in the set Of positive numbers.

回 consideF an iSOsceles triangle ABC satisfying AB=AC=l on a plane.Let r〉 0,and Dr e the

union of 3 ciFCleS Of radius r Centered at A,B and C,where all the triangle and circles consist of

their circumferences and insides.Let s be the minimal r such that Dr C° ntains all the edges AB,

AC and BC,and t be the minimal r Such that Dr C° ntains△ABC.

① Fhdthe s and t,r∠ BAC=÷ .

②Π劇山e s ttdち f∠ BAC=午 .

(3)If∠ BAC=′ ,where Oく ′くπ,express the s and tin terms Of′ ,

回 2 white balls are put side by side.Tossing a coin whose head and tail will show up equally,

add a white bal1 0r a black one in the row according to the prOcess below.

Process(*):Add a white(black)ball at the right end of the row ifthe head(tail)of the coin shows

up.FurthermOFe,ifthe rightmost 3 balls turn WBW(BWB),where w(B)means a white● lack)

baI,replace them by Www (BBB).

For example,if we tOss the cOin twice and the tail and head show up in OrdeF,the rOw will be of 4

white balls.

Let η be a posit市 e integer and cOnsidさ r the rOw Of(η +2)ba1ls after applying the process(*)π

times.

(1)If π=3,Яnd the prObabllity that the 2nd ball from the right end is white.

(2)Lct η bo a positive integor.Find the pFObability that the 2nd ball from the right end is white.

(3)Let π be a posit市 e integer.Find the prObability that the rightmost 2 balls are white.

回 Let a be a real number and S(α )be the area ofthe region defined by

on a coordinate plane.

Find the maximum Of S(α ),if α mOves Over the interval-2≦ αく2.

＋

』〉鋼申

Ｌ
Ｆ
し
Ｆ

-5-



Solution for the 2025 Math Exam

□](1)As(■ 2)'=2■ ,2α is the slope of the
tangent to C at P(a,α 2).Hence′ is the line

pasttng through P wtth dope―券:

ν=一券缶an4α2=_券″+=+α礼
The r―coordinate of a point of intersection

of C and′ is a rOot of■ 2=_券χ+寸〉+α 2

⇔
=2+券"=_α

4犠―め0+α+券)=0
⇔″=α
「
α―券.

Therefore,the F― cOordinate of Q is―α―可。
② Le境 hg b=α―券代①,We g∝
πν=―券χ+=+b2aS We ttd h ①.

[:1重ilil11lII:ノ
;I「::[11:Iire

ie equ疵
"hd“
When α=券⇔α=芳 ,

which f0110ws frOm α〉O and the fact that
″
the arithmetic mean of 2 positive numbers

is not less than their geometric mean.″

Hence b=―(α十巧扇「
)≦ =輌 'and the equality

holds when α=二 .

冨
詭m∝%等~卜券考兵Ю血
ab 
くO and"R iS InOnOtOne decreasing Over

the hterval b≦ イ2. _  国ワ
Therefore,IR takeS the mlnlmum 4

威ひ=√⇔α=写 .

回 First note that any point of D,belongs to at

least one Of the 3 circles Of radius F,Centered

at A,B and C.Also,the minimal r such that

P∈ Dr iS the minimum of PA,PB and PC.A

The set of points whOse llearest vertex is A,3mong

which the circumcenter O is the farthest iolll A_

at Univ.of TOkyo(Literature,etc.)

①r∠ BAC=÷ ,△ABC tt eqdaterd.
AmOng the points On∂ (△ABC),the
circumference of△ ABC,the midpoints of the

edges are the farthest fronl their nearest

verdces.Thus s=7.

Among the points Of△ ABC,the circumcenter

is the farthest from its nearest veFtiCeS.

Hence the sine rules gives us

″
瓦丁
=丁・

②r∠ BAC=午 ,

∠ABC=∠ ACB=π ,and the pOints D,E shown
are the farthest frOm their nearest vertices,

amOng the points of△ABC.
∴s=汗BD(=ADこAE=CE).

As BD∞s÷=半 ==,BD==・
青
=写 ・

∴s=″手・
③ r∠ BAC=′ ,∠ ABC=∠ ACB=ギ .

(1)If Oく ′〈ピL,∠ ABC=∠ ACB〉 ∠BAC so that

AB=AC〉 BC.Therefore,among the points of

∂(zttABC),the midpoints of AB,AC are the

Allittl:llli:∫『 Ii普ざill[種i」」f:』:ier
is the farthest fI・ om its nearest vertices so that

the sine rule gives us

AB
==2sin∠ ACB=

fron their nearest vertices,

2亜n(サーf)2cos子
Or{卜 く′≦

争
,∠ BAC〉∠ABC=∠ ACB so

that BC〉 AB=AC.Therefore,among the points

of∂ (∠生ABC),the midpOint of BC is the

farthest from its nearest vertices.

∴s=器=AB∞sサー子>重nf.

ぶ写
lrtll」

蒸
・
A

工 l露IIttl∬ l驚■
the,レイヽ＼
B F｀ 、ヽ | メ

′
G C

‐
■

０

among the pOints of△ABC.
AB/2 1

いけ―子)なれf
-6-
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It

□ (1)We will denote the head(tail)of the coin
by H(T).

lf η=3,the f0110wing 8 cases can happen equally:

TherefOrし ,the prOご abmty tO ind is=.

(2)(3)Let pれ (απ)be the prObability that the

2nd ball frOn the right end is white(the

rightinost 2 balls are white)a■ er applying the

process(*)η times,

The rightmOst 2 balls in the rOw are(1)WW,

(li)WB,(i五 )BヽV or(Iv)BB,and let απ,b″ ,c4,απ
be the probability that(i),(li),(ili),(iv)happens

after appけ ing the prOcess(*)η  times.Then
pη=α

7・

+b″…・① ,971=αη
…・② ,α
・2+わπ
+C"+α
π=1…
・C),

穏軒醜:=篇域182bttsぽ■e rOw
after the(π+1)th prOcess will be:

fol10ws frOm(1)and(1)― (ili)that

lst toss 2nd toss 3rd toss the row of balls

H H H WWWWW
H H T WWWWB
H T H WWWWW
H T T WWWBB
T H H WWWWW
T H T WWWWB
T T H WWBBW
T T T VヽWBBB

π+1)lh toss

the rightn10st 2 balls

after the πth process

-7-

Thお and ④ impけ that c.=απ…・③ fOr総≧1.
⑤ and ③ giVe us α2.1==(b″+=)…・⑨
⑥+⑨ :αⅢl+ゎれ.1=÷ (απ+b.)+=

8 pπ・=シ″+=⇔ p″.===い″―
=)・

Thsand ①,④ ten us that lp″―
=)iS a

geometric sequence with initial term

pl==÷ and the common ratio÷ .

.・.pη―

==(=)″

⇔pπ==+(=)″…⑩
solution fOr(2)

Next,⑨―⑥:απ.lb′+1-=(απ bπ)+=
⇔απ.1-bπ.1=一÷(απわれ―

=)・
This and ④ ten us that{α″―o2-÷ }iS a

αlら 1-÷―÷and the cOmmon ratio―
=.・・・απ bπ~÷~=(=)21⇔απ bη==+÷ (=)π

Thisand ⑩
 8 
απ bπ
=+(=)π

 glVe us

2αη==+(=)π+÷ (―
=)π89π

=+ナ

+÷ (―
;)π

solutiOn fOr(3)



回   び

価 )oく石 く1,■ e.

Fig.2 Fig.3

-1〈α〈0

Fig.1

び≦
_;χ 2+2 is expressed as h the F増 .1,and

υ≧ lχ
2+α
l is expressed as in the Fig.2(3)if

α≧0(αく0).All of them are symmetric with

respect to the υ―aXiS・

Furthermore,ν =―
I「
χ2+2 and υ=κ

2+α

htersect h χ=±J=0め ,and
_■χ2+2-(―χ2_α)=手 +2+α ≧O if-2≦≦αく0.

Hence the dOmain to cOnsider is as f。 1lows:

(D《12α)≦ 1,i.e.=≦α〈2(ii)0≦αく
=

υ

Ｃ

　
　
　
　
　
　
　
　
　
　
　
ｗ
　
　
　
Ｃ

　
　
　
　
　
　
　
ｗ

霧
抑

…

2綱 畦2い ち

e maximum 2 at α=ぅ「・″
:1{="2+2-(■

2+α
)}α″

+2-α )α■=[r3+(4-2α )α]:=3-2α ,

e maximum 3 at α=0.

(iv)-2≦α≦-1

軸
“
0まの=2∫戸―;ル2もな胡dχ

+2∫沖―
=r～

2くルのLχ

Thus we get the table On

the right,and see that

S(α)takes the maximum

半When b==⇔ α==・

=茎Lah/=モ「_2α+3

r we putら =A/=α ,oくらくl and S伍井♀。3+2ゎ2+3.

≪手444■2υ』μげ…
2υ』汚

3

∴″ぉS(α)=8b2+4b=4ひ (12b)。  |(o' |÷ | |(1)
αb

C ase(市)S(α)=2∫
:{=χ
2+2-(―F2α )}αχ

=[手+に■2∂』卜2α=半 ,

which takes the maximum=at α=1・
It f0110ws fl‐ Om(i)― (iv)that S(α )takes the

ma対mumttatα==・

The grapf of c=S(α ).
C

券S0

Remark

…8-


