
Math Exaln given fOr the 2025 general adnlission process at Univ.of TOkyo

Problems for those whO wish to major in Science,Enginee亘 ng,etc。 (150 min。 )

亘]Let A(0,0),B(0,1),C(1,1),D(1,0)be points On a coordinate plane.Let t satiS'ア 0くすく1,Pt,Qt,Rす

“
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FurthermOre,let A,D be UO,Ul,respectively.

(1)Find the cOOrdinates of the point Uチ .

(2)Find the area ofthe dOmain surrounded by the segment AD and the curVe traced by the point

Ut,0≦ t≦ 1.

(3)Let c satis亀″0〈α〈1.Express the length Ofthe curve traced by the point Ut,0≦ ι≦≦α,as a
polynOmial in α.

回① Prove…4-Q ②詭dル∫トギ)磁
電lilttξ精罵∬:貯篇稔二il:=÷'AB=α

,BC=a and α≦み
The vertices A,B,C,D lie on the edges EF,FG,GH,HE,reSpectively,wheFe an edge includes

its ends.

Let s be the area ofthe rectangle EFGH.

(1)Expross s in terms Of α=b and′ =∠ BCG.
(2)ExpFeSS the maximum Of s in terms Of α and b.

□ A square number is the square of a nonnegat市 e integer_

Let a be a posit市 e integer,and√
c(■)=χ
2+._α

.

(1)Let tt be a posit市 e hteger.Prove that π≦α,if几軌)iS a square number.
(2)Denote by ttЪ  the number Of pOsitive integers η such thatェα(2)iS a square number.
Prove that the conditiOns(1),(iD below are equivalent:

(i)=α=1  (iD 4α +l is a prime.

固 There're総 (≧ 2)cards numbered l through η,and we arrange them in a row.
Consider the fol10wing operatio■ (Tt),where t=1,2,・ ¨,or η~1.

(Tl)lf the number Of the ith card(from the left end)is greater than that of the(`+1)th one,

we switch these 2 cards.Otherwise,we do nothing.

Suppose that the number Of the,th card is A,(1重 ≦,≦π)in the beginning,and it turns i fOr t=1,…・,

π by(η-1)operations(Tl),(T2)'~・
'(T"_1)fo1lowed by(2-1)operations(T″ _1),・

¨
,(T2)'(Tl).

(1)Prove that at least one of Al,A2iS not greater than 2.

(2)Let Cπ be the number Of possible arrangement Al・
・・Aπ .

For π≧4,express Cπ  in terms Of Cπ _l and C2_2・

回On a plane of cOmplex numbers,let C be the circle centered at=with radius=,minus zero.
(1)For z∈ C,prove that the real part of‐ ■ is l.

2
(2)If α,β ∈C and they're distinct,express the dOmain in which上 +上 moves around.

α2 ′2
(3)If γ is a complex number belonging to the cOmplement ofthe dOmain in(2),find the maximum

and the minilrlum of the real part Of上 .

γ
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Solution for the 2025 4ヽath Exam at

□ (1)First,we get Pす (0,tl,

Qt(す ,1),Rt(1,1-tl.Next,

碍 。・ 叫 武
=(0,t(1-D)+(′ ,う =(`2,2■

`2),

こく→可 +べ

B

Pォ

=(t(1-す ),1-tl+(t,す(1-D)=(2ォーォ2,1_=2),

こ七畔 こ
=(`2(1_す ),(1-D(2ナ

`2))+(す

(2サー
`2),ι

(1-t2))

=(3す
2_2t3,3ι-3ォ2). .・ .Uす (3す

2_2=3,3す-3=2).

(2)Let(■ ,ν)=(3=2_2`3,3ヶ 3`2),0≦
=≦
1.

争
=6汗 6,2=6Kl)

#=3-6ォ
give us the

tabliξ

l亀ligraph
Thus the area tO find

iSS ttνα飢
lf we put χ=3t2_2t3,

li」ミ:i塀;]]llnd il‖ |:|ト
・・・S=∫

:(3t 3サ

2)(6ヶ 6`2)αι
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．
峯

The length ofthe curve is

(子)≒(子)2 αι
36=2(1_l12+(3-6t)2α ォ

4t4_8=3+8,2_4t■ 1

厖](1)Letノ (■)=lnχ―(χ-1),χ〉0.

Thenノ

table on

'(■)=÷ lg市eS theァぁ
ぬe Hght Hence 

両

②可 卜(半崩‐制̈ from Kll
織h半≦ギ +半 .

∴r≦∫i半αF=[台・サー』

(:′ :

Univ.of Tokyo(Science,etc.)

==喘像T-0・卜者がれ―ち駕が三す・
撃 )=典 (21/π l_÷)①

κ

・・・ηf≦‐ 続・21/れ
を′ι・
)=_二年(Z ~・ ―÷

η+1 2 ´ π+1｀ 1/π   2
Next,the graph of z=σ (す)=ln=(=〉 0)z

ls upwards convex,because

g'O=÷ and σ″ω―十く0.
Thus it lies Over the segment

h other w鉗お■鈍≦t≦偽h`≧持←→…②
H動― ギ ≦ギ .

Letting汗半 …半 mQ…

hギ≧≠ ・半 .

2

1
―α
"

=ヂi喘2i締〉
2

搾嘱:・台(キーか…③
2

π
Byぬ ewり,肥肩 ■,

肌 毛 絆 D霜0ギ畔
=子瀾す却=21■2峰司→n2

Hence the R.H.S.of ① converges to ln2=as
η―→CO.Furthermore,υ :=21/π→ l as η→ (つ ,and

m翌=h事=ぽじ赦
″→CK1 21/η -l  υ→l υ~

2             2

つ
子
hOttF1 2轟 |.評・Hm∝ 山eR比 駐

of ③ converges to ln2-÷ as η→∞.
Thtt we rt l中・ヨn2=by ttuee7.hト
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′  C

∠BCD=∠ DAB=π ―」L=二 .

CD=AB=a,DA=BC=ひ .

AS∠ BCG=′ ,∠ CBG=ピL― ′.

∴ABF=π ÷―け み÷+′・
∴FG=FB+BG=aCOく ′+争 >o試n′ …①

Silrlil鉗軌∠DCH=π―午 ′=÷―^
GH=GC+CH=b∞ s′ +αc∝

ヽ計
の 一②

.・.s FG・ GH

s,拶
C° SC′ +÷卜bdn′ Iac∝嗜―か。COs月

ladn(÷―からdn′ ICCos(÷ み。COS外
=α≒h味―粂0く÷―pl・bttn′ cOs′
十α涙豆n(二

:ニ

ーみ OS′ +Cos(÷ ―′ヽh外

=手dn(÷-2か手螢n2′ +αbttn÷
=手(与c¨2′ かn2か手dn2′ +手
=  4  dn2′ +1重

:二
LcOs2′ +三

JL・

(2)′ ranges between O and

and it follows frOm(1)th試

□ (1)As ABCD is a
paralle10gram,we have

∠CDA=∠ ABC=π ,

ィα
4_α 2。 2+ゎ 4+αb

2

辞型亜≡三『≡≡≡:she′ +α >t井 ,

糧ltttsゝぎ lう
α is acute.2′ +α ranges between α and

―王―+α .FuFthermOre,―
:二
十α≧二匹―h。 lds

壼α≧÷⇔ねnα≧青⇔誓手≧士
⇔3α2≧ 2ゎ 2_α2⇔ b≦√「α.
TherefOre,rc≦ b≦ノ2α ,s takes maximum

B卜
亀冬IIE〕 JD

when ′=7E~/.α ,and

π
一
６

|』
==ilakesma五

mum雫
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E] (1)Pr。。f by contradiction.

If鳥続)=π 2+η _α is a square number,there
exlsts a nonnegative integer"z such that

π2+η _α =ηι2...(⊃

Suppose η〉α.Then the L.H.S.of(D is gFeater

than η2 so that観 ≧総+1.Hence the R.H.S.of

① is not less than(η +1)2,and

(R.H.S.)―(L.H.S.)≧ G厖+1)2_(22+π_め=π+α■1〉 0,

a contradictiOn.

(2)Consider a pa■ of integers(η ,η2),where

η〉0,2≧ 0,satisfying

①⇔(π+=)2π 2=α+÷
⇔ (2η +2π+1)(2π -2π +1)=4α +1…①'

As 4α+l is an odd hteger not less than 5,

2■+27確+1,2η-2■に+l are positive odd integers

satisfving 2π +2π+1≧ 2η-22+1…②
(li)⇒ (011f4α+l is a prime,it follows frOm ①'

and② thati:務 1'務il::α
+1()z=z=α

∴銑 =1・

(⇒ =→Ci):We shall prove the contrapositive.

If 4α+l is not a prilne,we can express

4α +l p9,where p,9 are positive odd integers

satisfying 3≦ p≦ g.

p,9 are cOngruent t0 1

or 3 modulo 4,and the

chart On the right gives

us lp,9)=(1,1)or(3,3) modulo 4.TherefOre,

修維
上鰍 場

⇔ 幌μ >ご1夢
■
等

)

is a pair satisfving(D'and different from(α ,α),

i.e.銑 ≧2.

Thus(il⇔(ii)is proved_

回 Note that the card tt stays in the

rightttost position aFter the lst(T2_1),and

the card l stays in the leftmOst positiOn

a■erthe 2nd Cl).

(1)Proof by contradiction,

If lAl,A2}=撓
'J(た
〉′〉2),then the arrangement

after the lst(Tl)is′ たA3・・・Az.The card″ stays

there until the 2nd(T2)'and will be replaced

by the card l at the 2nd(Tl).In other wOrds,

the 2nd card(frOIIl the left end)will end in

2(〉 2),a cOntradictiOn.

(2)It follows frOm(1)that

lAl,A2}={1,2卜①,{1,た}―②,or{2,ル・③ ,
whereた ,′ are integers not less than 3.



Case① t lAl,A2)=(1'2)or(2,1),and the lst

(Tl)makes the arrangement 12A3・ Ä′ .

The cards l and 2 stay there,and A3¨・A,is
reordered to 3-・π after the 20 3)operations.
Thus the number Of possible arrangement

A3… A″ s Cπ_2・

Case(D.仏 1,A2)=(1'た)or(た ,1),and the lst
(Tl)makes the arrangement lん A3・・lAπ .

The card l stays there,andた A3・・・Aπ
 is

reordored t0 2…・η after the 2(,c-2)operations.

Thus the number Of pOssible arrangement

ねへ3…Aπ is Cπ l― C22・

↑
leinlo,t card iS 2

Case③ .lAl,A2卜 (2,O or O,2),and the lst

(Tl)mlkes the arrangement 2瓜
3・

‐・Aπ .

The card 2 stays there until the 2nd(T2)'and

will be replaced by the card l at the 2nd(Tl).

The number Of possible arrangement

然3…亀 おCπ l Cz 2 aSin the case② .

峰食』st cardぉ 1
Finally,C.=2Cπ 2+2(Cな 1-C_2)+2(C_1-C.2)

①     ②      ③
=4C″_1-2Cπ _2・

Remark Solving the recurrence

C2=2,C3=6,and Cπ =4Cπ l-2Cπ 2(総≧4),

we get%=  囲 .

回 (1)As z∈ C,we can express  ν

Z=「戸(1+COS′ )+」生sin′ (―πく′〈π
::|〔
::)'|″Then

1          2                    1

zαキcos′湾dn′
cos_`Ltos―

`L+お

h―

`L)

=寺にOS子―おhf)=1・anf.
C° S~ラ~

∴Re(も=1.
Z

(2)If α,′ ∈C,(1)a1lows us to expFeSS

÷=1+磁,ウ=1+ba where α,ゎ∈2.

鮮∬∬::l[鳳111:[ilttFT「

十+ナ■■2αヶ♂■+2け b24歩♂_b22Hズα+務

If we put(χ ,υ)=(2-α
2。 2,2(α十o)),

αわ
(α+b)2_(α
2+b2)(子)2(2-D4χ +び2

-1.

Hence α,ゎ aFe the distinct real roots of the

quadratic equ鵡 子バ竿 詢
whose diソimmant手=4(≒手-1》ち
0″く2-」ど1

TherefOre,‐
||「
十

ナ

moves

around the domain On the right

(boundary excluded).

(3)Ifwe put γ=“+τi,Where■ ,υ are reals,

then量おHOws,Om ② that F≧ 2-4…①
8

÷=青=券
υ
:γ三フ .2+ν
2  劉

g市∝“Eθけ>警争.

Ifthere exists a maximum of F2+ν 2'ゥ

it happens when i〉 0.If we fix a positive■ ,

L2讐∬f∬lTぷli;暇 :.redS f r≧
λ

As Rc(ニー)is decreasing in υ
2,it takes

γ

fr≧ 2,

F=± ほ if Oく
・
く2.

Hence the maximum″ of Rc(」二)is
γ

maX〔;,置Lπデ計L
Similarly,the minimum 7π  Of RC(―

・
‐)is
γ

″
lnln 

‐¨¨¨¨¨¨
…
¨
…
日日‐
.

工く0(■-4)2

胸り武舟合 はな

〆0= =蒜 giVes uS

FurthermOre,

the chart on the right.

TherefOre,許■(γ 9,ノ '鮨)
2

-4-
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4ヽath Exaln given foF the 2025 general adnlission process at Univ.of Tokyo

Problems for those who wish to maior in Literature,Economics,etc.(100 min.)

回 Let α be a positive,umber,and C:Fぉ 2 be a parab01a On a coordinate plane.Let′ be the
normalto C at P(α ,α

2)(the line crthOgonaltO the tangent to C at P),and Q be the point Of

intersection of′ and C,Other than P.

(1)Find the F― coordinate of Q.

Let tt be tho normalto C at Q,and R be the point ofintersection of,総 and C,other than Q,

(2)Find the minimum ofthe r―coordinate of R,if α varies in the set Of positive numbers.

回 consideF an iSOsceles triangle ABC satisfying AB=AC=l on a plane.Let r〉 0,and Dr e the

union of 3 ciFCleS Of radius r Centered at A,B and C,where all the triangle and circles consist of

their circumferences and insides.Let s be the minimal r such that Dr C° ntains all the edges AB,

AC and BC,and t be the minimal r Such that Dr C° ntains△ABC.

① Fhdthe s and t,r∠ BAC=÷ .

②Π劇山e s ttdち f∠ BAC=午 .

(3)If∠ BAC=′ ,where Oく ′くπ,express the s and tin terms Of′ ,

回 2 white balls are put side by side.Tossing a coin whose head and tail will show up equally,

add a white bal1 0r a black one in the row according to the prOcess below.

Process(*):Add a white(black)ball at the right end of the row ifthe head(tail)of the coin shows

up.FurthermOFe,ifthe rightmost 3 balls turn WBW(BWB),where w(B)means a white● lack)

baI,replace them by Www (BBB).

For example,if we tOss the cOin twice and the tail and head show up in OrdeF,the rOw will be of 4

white balls.

Let η be a posit市 e integer and cOnsidさ r the rOw Of(η +2)ba1ls after applying the process(*)π

times.

(1)If π=3,Яnd the prObabllity that the 2nd ball from the right end is white.

(2)Lct η bo a positive integor.Find the pFObability that the 2nd ball from the right end is white.

(3)Let π be a posit市 e integer.Find the prObability that the rightmost 2 balls are white.

回 Let a be a real number and S(α )be the area ofthe region defined by

on a coordinate plane.

Find the maximum Of S(α ),if α mOves Over the interval-2≦ αく2.

＋

』〉鋼申

Ｌ
Ｆ
し
Ｆ
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Solution for the 2025 Math Exam

□](1)As(■ 2)'=2■ ,2α is the slope of the
tangent to C at P(a,α 2).Hence′ is the line

pasttng through P wtth dope―券:

ν=一券缶an4α2=_券″+=+α礼
The r―coordinate of a point of intersection

of C and′ is a rOot of■ 2=_券χ+寸〉+α 2

⇔
=2+券"=_α

4犠―め0+α+券)=0
⇔″=α
「
α―券.

Therefore,the F― cOordinate of Q is―α―可。
② Le境 hg b=α―券代①,We g∝
πν=―券χ+=+b2aS We ttd h ①.

[:1重ilil11lII:ノ
;I「::[11:Iire

ie equ疵
"hd“
When α=券⇔α=芳 ,

which f0110ws frOm α〉O and the fact that
″
the arithmetic mean of 2 positive numbers

is not less than their geometric mean.″

Hence b=―(α十巧扇「
)≦ =輌 'and the equality

holds when α=二 .

冨
詭m∝%等~卜券考兵Ю血
ab 
くO and"R iS InOnOtOne decreasing Over

the hterval b≦ イ2. _  国ワ
Therefore,IR takeS the mlnlmum 4

威ひ=√⇔α=写 .

回 First note that any point of D,belongs to at

least one Of the 3 circles Of radius F,Centered

at A,B and C.Also,the minimal r such that

P∈ Dr iS the minimum of PA,PB and PC.A

The set of points whOse llearest vertex is A,3mong

which the circumcenter O is the farthest iolll A_

at Univ.of TOkyo(Literature,etc.)

①r∠ BAC=÷ ,△ABC tt eqdaterd.
AmOng the points On∂ (△ABC),the
circumference of△ ABC,the midpoints of the

edges are the farthest fronl their nearest

verdces.Thus s=7.

Among the points Of△ ABC,the circumcenter

is the farthest from its nearest veFtiCeS.

Hence the sine rules gives us

″
瓦丁
=丁・

②r∠ BAC=午 ,

∠ABC=∠ ACB=π ,and the pOints D,E shown
are the farthest frOm their nearest vertices,

amOng the points of△ABC.
∴s=汗BD(=ADこAE=CE).

As BD∞s÷=半 ==,BD==・
青
=写 ・

∴s=″手・
③ r∠ BAC=′ ,∠ ABC=∠ ACB=ギ .

(1)If Oく ′〈ピL,∠ ABC=∠ ACB〉 ∠BAC so that

AB=AC〉 BC.Therefore,among the points of

∂(zttABC),the midpoints of AB,AC are the

Allittl:llli:∫『 Ii普ざill[種i」」f:』:ier
is the farthest fI・ om its nearest vertices so that

the sine rule gives us

AB
==2sin∠ ACB=

fron their nearest vertices,

2亜n(サーf)2cos子
Or{卜 く′≦

争
,∠ BAC〉∠ABC=∠ ACB so

that BC〉 AB=AC.Therefore,among the points

of∂ (∠生ABC),the midpOint of BC is the

farthest from its nearest vertices.

∴s=器=AB∞sサー子>重nf.

ぶ写
lrtll」

蒸
・
A

工 l露IIttl∬ l驚■
the,レイヽ＼
B F｀ 、ヽ | メ

′
G C

‐
■

０

among the pOints of△ABC.
AB/2 1

いけ―子)なれf
-6-

・
・
・S=ケBFE



It

□ (1)We will denote the head(tail)of the coin
by H(T).

lf η=3,the f0110wing 8 cases can happen equally:

TherefOrし ,the prOご abmty tO ind is=.

(2)(3)Let pれ (απ)be the prObability that the

2nd ball frOn the right end is white(the

rightinost 2 balls are white)a■ er applying the

process(*)η times,

The rightmOst 2 balls in the rOw are(1)WW,

(li)WB,(i五 )BヽV or(Iv)BB,and let απ,b″ ,c4,απ
be the probability that(i),(li),(ili),(iv)happens

after appけ ing the prOcess(*)η  times.Then
pη=α

7・

+b″…・① ,971=αη
…・② ,α
・2+わπ
+C"+α
π=1…
・C),

穏軒醜:=篇域182bttsぽ■e rOw
after the(π+1)th prOcess will be:

fol10ws frOm(1)and(1)― (ili)that

lst toss 2nd toss 3rd toss the row of balls

H H H WWWWW
H H T WWWWB
H T H WWWWW
H T T WWWBB
T H H WWWWW
T H T WWWWB
T T H WWBBW
T T T VヽWBBB

π+1)lh toss

the rightn10st 2 balls

after the πth process

-7-

Thお and ④ impけ that c.=απ…・③ fOr総≧1.
⑤ and ③ giVe us α2.1==(b″+=)…・⑨
⑥+⑨ :αⅢl+ゎれ.1=÷ (απ+b.)+=

8 pπ・=シ″+=⇔ p″.===い″―
=)・

Thsand ①,④ ten us that lp″―
=)iS a

geometric sequence with initial term

pl==÷ and the common ratio÷ .

.・.pη―

==(=)″

⇔pπ==+(=)″…⑩
solution fOr(2)

Next,⑨―⑥:απ.lb′+1-=(απ bπ)+=
⇔απ.1-bπ.1=一÷(απわれ―

=)・
This and ④ ten us that{α″―o2-÷ }iS a

αlら 1-÷―÷and the cOmmon ratio―
=.・・・απ bπ~÷~=(=)21⇔απ bη==+÷ (=)π

Thisand ⑩
 8 
απ bπ
=+(=)π

 glVe us

2αη==+(=)π+÷ (―
=)π89π

=+ナ

+÷ (―
;)π

solutiOn fOr(3)



回   び

価 )oく石 く1,■ e.

Fig.2 Fig.3

-1〈α〈0

Fig.1

び≦
_;χ 2+2 is expressed as h the F増 .1,and

υ≧ lχ
2+α
l is expressed as in the Fig.2(3)if

α≧0(αく0).All of them are symmetric with

respect to the υ―aXiS・

Furthermore,ν =―
I「
χ2+2 and υ=κ

2+α

htersect h χ=±J=0め ,and
_■χ2+2-(―χ2_α)=手 +2+α ≧O if-2≦≦αく0.

Hence the dOmain to cOnsider is as f。 1lows:

(D《12α)≦ 1,i.e.=≦α〈2(ii)0≦αく
=

υ

Ｃ

　
　
　
　
　
　
　
　
　
　
　
ｗ
　
　
　
Ｃ
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Thus we get the table On

the right,and see that

S(α)takes the maximum
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∴″ぉS(α)=8b2+4b=4ひ (12b)。  |(o' |÷ | |(1)
αb
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which takes the maximum=at α=1・
It f0110ws fl‐ Om(i)― (iv)that S(α )takes the
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The grapf of c=S(α ).
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